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'> A;:QCFRF>8 M()((O ?F>7 M()(4OS I> 8AI=G; CLBJ=F8DI> ?; :I=G;:;>8 ?6>F:DJ=; QFA AFQQIA8

< CF QI7D8DI> ?LBJ=DCDEA; 78F8DJ=; HI::; 7=D8 P
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f0 =
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T
=
ω0

2π
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x = Xsin(ω0t+ φ) =()>\?

;7 O:A< B;7B F8 U;EHA M

x = Xcos(ω0t− ψ) =()>]?

+^ M

X =

√

x20 + (
v0
ω0

)2 =()N_?

tanφ =
x0

v0/ω0

=()N(?

tanψ =
v0/ω0

x0
=()N>?

 AB 56789:;<B B;<9 C5C7:9AB A< L;B8<9 M

x0 = X sinφ A9 v0
ω0

= X cosφ
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P 6D4CB9<@;;7C7?< E4;;@T O AD7;< 8? :@;EB;@<@T J8@ :@;;@E7 6D=?79F@7 Y <94579; J876J87; CB857C7?<;Q
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;B8; 64 TB9C7 O

Mẍ+ d(x, ẋ) + kx = 0 G()\\H

<76 J87 d 7;< 67 <79C7 :D4CB9<@;;7C7?< G%4K6748 ()]H
/D8<@6@;4<@B? :D8? <79C7 :D4CB9<@;;7C7?< 5@;J878U 6@?=4@97 =J8@5467?< ;@CE6@>7 AB?;@:=94K67P
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 !"#$ ()4 5 /67 89:;<6=>7 ?@8AB67 8CD?@<>9776?6=>

%EF6 8CD?@<>9776?6=> 'GF<6779@=

H97IJ6JG

∑

iCiẋi
!E7>;<;>9IJ6 K 3><JL>J<DB

∑

i
1
ωi
Ciẋi

M<@>>6?6=>

∑

iCi|ẋi|sgn(ẋi)
M<@>>6?6=> N @JB@?OP

∑

iCisgn(ẋi)
MBJ986

∑

iCi|ẋi|ẋi

 !"! #$%&'())*$*+' ,- './* 0()1-*-2

/CD?@<>9776?6=> 67> 89> Q97IJ6JG 79 BD R@<L6 8CD?@<>9776?6=> DFFB9IJ;6 S J= L@<F7 67> 8;Q6B@FF;6

FD< J= TJ986 Q97IJ6JG IJ9 BC6=>@J<6) /D R@<L6 8CD?@<>9776?6=> Q97IJ6JG 67> F<@F@<>9@==6BB6 S

BD Q9>6776 6> 86 76=7 @FF@7; DJ ?@JQ6?6=> U 6BB6 67> 6GF<9?;6 FD< V

F = −Cẋ N()WXP

@Y C 67> B6 L@6ZL96=> 8CD?@<>9776?6=> 6> ẋ 67> BD Q9>6776)
/C;IJD>9@= 86 ?@JQ6?6=> B9O<6 86 L6 7E7>A?6 67> 8@==;6 FD< BD <6BD>9@= 7J9QD=>6 V

mẍ+ Cẋ+ kx = 0 N()W[P

/D 7@BJ>9@= 8CJ=6 >6BB6 ;IJD>9@= 67> 86 BD R@<?6 V

x(t) = Uert N()W\P

@Y r 67> J=6 L@=7>D=>6 S 8;>6<?9=6<)
'= <6?FBD]D=> N()W\P 8D=7 N()W[P =@J7 @O>6=@=7 IJ6BIJ6 7@9> B6 >6?F7 t V

mr2 + Cr + k = 0 N()W^P

/C;IJD>9@= N()W^P 67> DFF6B;6 ;IJD>9@= N@J F@BE=_?6P LD<DL>;<97>9IJ6 86 BC;IJD>9@= 89:;<6=>96BB6

N()W[P` 7@= 897L<9?9=D=> 67> 8@==; FD< V

∆ = C2 − 4km N()WaP

 !" # $ ∆ = 0 $

,D=7 L6 LD7 BC;IJD>9@= N()W^P D J=6 <DL9=6 8@JOB6 86 BD R@<?6 V

r =
−C
2m

N()WbP

'= D==JBD=> BD QDB6J< 86 ∆ N()WaP` @= @O>96=> V

C2 − 4km = 0⇒ C = 2
√
km

 6>>6 QDB6J< <6F<;76=>6 BCD?@<>9776?6=> L<9>9IJ6 Ccr NBD ><D=79>9@= 6=><6 B67 L@=89>9@=7 86 ?@JK

Q6?6=>7 @7L9BBD>@9<6 6> =@= @7L9BBD>@9<6P) ,@=L V

Ccr = 2
√
km = 2ω0m N()XcP
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,4567 89:;<=>?45 @()ABC DEF?E5> G

r =
−Ccr

2m
= −ω0 @()H(C

,456 8= I48<>?45 @()AJC I9:6K?> I4<I 8= L4KME G

x(t) = Ue−ω0t

-5E DE<N?OME I48<>?45 PE<> EN?I>EK >E8 ;<E U IEK= L456>?45 DE >EMPI7 64MME I<?> G

x(t) = U(t)e−ω0t
@()HQC

'5 KEMP8=R=5> @()HQC D=5I 89:;<=>?45 DE M4<FEME5> @()ASC7 45 4T>?E5> G

Ü(t) = 0

 E ;<? ?MP8?;<E ;<E 8= PKEM?OKE D:K?F:E @F?>EIIEC EI> 645I>=5>E (U̇(t) = A)) "84KI U EI> 8?5:=?KE

E5 L456>?45 D< >EMPI G

U(t) = At+B

,456 8= I48<>?45 U4M4VO5E P4<K <5 =M4K>?IIEME5> 6K?>?;<E EI> D455:E P=K G

xh(t) = (At+B)e−ω0t
@()HAC

4W A E> B I45> DEI 645I>=5>EI X D:>EKM?5EK X P=K>?K DEI 645D?>?45I ?5?>?=8EI)

 !" # $ ∆ > 0 %&'"()*+ ",-.!*/-(01 $

,=5I 6E 6=I 8EI DE<N K=6?5EI I45> K:E88EI D?I>?56>EI D455:EI P=K G

r1,2 =
−C ±

√
C2 − 4km

2m
@()HHC

#<?I;<E C EI> <5E F=8E<K P4I?>?FE7 ,E 8= KE8=>?45 @()AYC 45 4T>?E5> G

C > 2
√
km⇒ C > Ccr

+5 P4IE G

ξ = C
Ccr

>E8 ;<E ξ EI> 8E L=6>E<K D9=M4K>?IIEME5> @ξ > 1 D=5I 6E 6=IC E> ξ = 1 64KKEIP45D X 89=M4K>?IIEZ
ME5> 6K?>?;<E)

"84KI 8E 64E[6?E5> D9=M4K>?IIEME5> PE<> \>KE :6K?> I4<I 8= L4KME G

C = 2ξω0m @()HSC

'5 KEMP8=R=5> C P=K I= F=8E<K @()HSC D=5I 8= I48<>?45 @()HHC7 6E>>E DEK5?OKE DEF?E5> G

r1,2 = ω0(−ξ ±
√

ξ2 − 1) @()HJC

/E M4<FEME5> EI> =P:K?4D?;<E @545 4I6?88=>4?KEC I4<I L4KME ENP45E5>?E88E D:6K4?II=5>E)

xh(t) = Ae−ω0(ξ+
√

ξ2−1)t +Be−ω0(ξ−
√

ξ2−1)t
@()H]C

4W A E> B I45> DEI 645I>=5>EI X D:>EKM?5EK X P=K>?K DEI 645D?>?45I ?5?>?=8EI)
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 !" # $ ∆ < 0 %&'"()*+ ",-".!*,/(01 $

,456 78 746 ∆ 869 :8 9;<8 7=><?8@8 A

∆ = −(4km− C2) = i2(4km− C2)

/86 6=?B9C=56 6=59 7=><?8@86 7=5DBEBF86 :8 ?4 G=H>8 A

r1,2 =
−C ± i

√
4km− C2

2m
I()JKL

=B 85 G=579C=5 :B G4798BH :M4>=H9C668>859 ξ 7=>>8 :456 ?4 H8?49C=5 I()JNL 7=>>8 6BC9 A

r1,2 = ω0(−ξ ± i
√

1− ξ2) I()JOL

/4 6=?B9C=5 :8 ?MFPB49C=5 :CQFH859C8??8 6MF7HC9 4?=H6 6=B6 ?4 G=H>8 A

xh(t) = e−ξω0t(Aeiωat +Be−iωat) I()RSL

98? PB8 ω0 869 ?4 <B?649C=5 <H=<H8 :B 6;69T>8 5=5 4>=H9C 89 ωa 869 ?4 <B?649C=5 <H=<H8 :B

6;69T>8 4>=H9CU

ωa = ω0

√

1− ξ2 I()R(L

=B 6=B6 B58 G=H>8 <?B6 6C><?8 7=>>8 6BC9 A

xh(t) = Xe−ξω0t sin(ωat+ Φ) I()RVL

233405!(0,6 789

-5 6;69T>8 >4668 H866=H9 4W87 4>=H9C668>859 WC6PB8B@ 869 F74H9F :8 64 <=6C9C=5 :MFPBC?CXH8

6949CPB8 :MB58 :C694578 x0U <BC6 ?Y7ZF 6456 WC98668 C5C9C4?8)
[ ,F98H>C58H ?4 HF<=568 :B >=BW8>859 x(t) PB45: ξ = 3 \ ξ = 1 89 ξ = 0.1
[  =><4H8H ?86 HF6B?9496 85 9H4]459 6BH ?8 >^>8 EH4<Z8U ?86 9H=C6 7=BHX86 4:C>856C=558??86 x/x0
85 G=579C=5 :8 ω0.t)

&,4-(0,6

4L  46 A ξ = 3U ?8 >=BW8>859 869 4<FHC=:CPB8 :=59 ?4 HF<=568 869 H8<HF6859F8 <4H ?MFPB49C=5
I()J_L A

xh = Ae(−3+
√
8)ω0t +Be(−3−

√
8)ω0t

/86 7=56945986 4HXC9H4CH86 A 89 B 6=59 :F98H>C5F86 ` <4H9CH :86 7=5:C9C=56 C5C9C4?86 A

x(0) = x0 89 ẋ = 0
/4 HF<=568 :B >=BW8>859 :8WC859 A

xh
x0

= 1.0303e−0.1716ω0t − 0.303e−5.8284ω0t

XL  46 A ξ = 1U 7M869 ?M4>=H9C668>859 7HC9CPB8
/4 HF<=568 :MB5 98? 6;69T>8 869 :8 ?4 G=H>8 I()JaL) '5 4<<?CPB459 ?86 7=5:C9C=56 C5C9C4?86U =5

=X9C859 A

xh
x0

= (1 + ω0t)e
−ω0t

XL  46 A ξ = 0.1U >=BW8>859 <FHC=:CPB8 :8 ?4 G=H>8 I()RVL) '5 4<<?CPB459 ?86 7=5:C9C=56 C5C9C4?86
=5 =X9C859 A

xh
x0

= 1.005e−0.1ω0t sin(0.995ω0t+ 84.26)

 !" "#$%&'#(" #)&!(%!"* +#%, -'./,!(&!" 01$!%," -! $213#,&'""!3!(& ξ "#(& ,!+,/"!(&/!" "%, $1
456%,! 7879:8 ;#%, $!" &,#'" &<+!" -! 3#%0!3!(&"* (#%" =#("&1&#(" >%! $213+$'&%-! -% 3#%0!?

3!(& &!(- 0!," @/,# $#,">%! t -!0'!(& 6,1(-* =! >%' A%"&'5! $21)1(-#( -! $1 "#$%&'#( &,1("'&#',!
!( ,/6'3! +!,31(!(&8

BCDEF  !"# $% G8 F#%3!-'!(! H I8 J'$#%-'



 !"#$%&' () $*%&+,- %$+* . /" ,0*"1$2-' ,'3 3%&- %-&'3

 !"#$% ()(4 5 &6789:; <= >8=?;>;9@ A>8B@C 78=B @B8C: ?AD;=B: <; DEA>8B@C::;>;9@ ξ

 !!"#$%&#'( )*+

-9 8:FCDDA@;=B :C>7D; F89:@C@=6 <E=9; >A::;

M = 2 kgG <= B;::8B@ <; BAC<;=B K = 105 N/m
;@ <E=9 A>8B@C::;=B <; F8;HFC;9@ <EA>8B@C::;I

>;9@ C = 200 N.s/mG A::=J;@@C K :; <67DAF;B
?;B@CFAD;>;9@ F8>>; D; >89@B; DA LM=B; ()(N)

,6@;B>C9;B DA B6789:; DCOB; <= :P:@Q>; F89:6I

F=@C?;>;9@ K DEA77DCFA@C89 <;: F89<C@C89: C9CI

@CAD;: :=C?A9@;: R

x(0) = x0 = 0, 01 m et ẋ(0) = v0 = 1 m/s

 !"#$% ()(N 5 3FS6>A <E=9 :P:@Q>; K =9 <<D)

,'"-&#'(

/A 9A@=B; <; DA B6789:; DCOB; <= :P:@Q>; A>8B@CG <67;9< <= TAF@;=B <EA>8B@C::;>;9@ ξG <8996
7AB R

ξ =
C

2Mω0

A?;F R

ω0 =

√

K

M
= 223, 61rad/s

<E8U R ξ = 0, 22 ;@ <89F D; :P:@Q>; ;:@ :8=: A>8B@C FAB ξ < 1
#8=B =9 @;D :P:@Q>; A>8B@CG DA B6789:; DCOB; ;:@ <8996; 7AB R

x(t) = e−ξω0t (A sinωat+B cosωat)
ẋ(t) = e−ξω0t [−ξω0 (A sinωat+B cosωat) + ωa (A cosωat− B sinωat)]

"77DCV=89: D;: F89<C@C89: C9C@CAD;: R

x(0) = x0 =⇒ B = x0

ẋ(0) = −ξω0B + ωaA = v0 =⇒ A =
v0 + ξω0x0

ωa

/A 7=D:A@C89 7B87B; <= :P:@Q>; A>8B@C R

ωa = ω0

√

1− ξ2 = 217, 94rad/s

,E8U 89 @CB; R A = 0, 0069 ;@ B = 0, 01 <E8U 89 A R

x(t) = e−50 t [0, 0069 sin (217, 94 t) + 0, 01 cos (217, 94 t)]
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4567 189:;<7 =

x(t) = Xe−ξω0t sin (ωat+ φ)
ẋ(t) = Xe−ξω0t [−ξω0 (sinωat+ φ) + ωa (cosωat+ φ)]

">>?@AB;CD ?7D E;C<@9@;CD @C@9@F?7D =

x(0) = x0 =⇒ A sinψ = x0
ẋ(0) = X [−ξω0 sinφ+ ωa cosφ] = v0

'C E;6G@CFC9 ?7D <7BH 8ABF9@;CD E@I<7DDBDJ;C FBKF =

ψ = arctg
x0ωa

v0 + ξω0x0

D;@9 = ψ = 0, 9668rad 79 X = 0, 0121
/F K8>;CD7 7D9 <;CE <;CC87 >FK =

x(t) = 0, 0121e−50t sin (217, 94 t+ 0, 9668)

 !"!# $%&'%()*+ ,-./'0+1(023)

/F <897K6@CF9@;C 7H>8K@67C9F?7 <B LFE97BK <MF6;K9@DD767C9 ξJ >7B9 D7 LF@K7 >FK ?F 67DBK7
<B <8EK867C9 ?;NFK@9:6@AB7 δ)  7?B@IE@ K7>K8D7C97 ?7 9FBH <MFOF@G?@DD767C9 <7 ?MF6>?@9B<7 <7D
P@GKF9@;CD >7C<FC9 BC7 >8K@;<7 QR@NBK7 ()(ST) /7 <8EK867C9 ?;NFK@9:6@AB7 7D9 ?7 ?;NFK@9:67

*8>8K@7C <B KF>>;K9 <7 <7BH F6>?@9B<7D 6FH@6F?7D DBEE7DD@P7D Xi 79 Xi+1)

δ = ln Xi

Xi+1
Q()UVT

 !"#$% ()(S W %FBH <MFOF@G?@DD767C9 <7 ?MF6>?@9B<7 <7D P@GKF9@;CD

#;BK BC DXD9567 ?@GK7 F6;K9@ Qξ < 1TJ ?F K8>;CD7 7D9 <;CC87 >FK Q()U4T =

xh(t) = Xe−ξω0t sin(ωat+ Φ)

*;9;CD AB7 >;BK ?F PF?7BK <B D@CBD 8NF?7 Y ?MBC@98J ?F E;BKG7 7D9 9FCN7C97 Y ?M7CP7?;>>7 7H>;I

C7C9@7??7 Xe−ξω0t
J E7>7C<FC9 ?7D 9FCN7C97D C7 D;C9 >FD :;K@Z;C9F?7D 79 ?7D >;@C9D <7 9FCN7CE7

F>>FKF@DD7C9 ?8N5K767C9 Y <K;@97 <B >;@C9 <MF6>?@9B<7 6FH@6F?7) [8C8KF?767C9 E79 8EFK9 7D9
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4567869:;79 9< 7=:>?78<@A9 A@ ?B84< A9 <:4694C9 ?9@< D<E9 ?E8F9 56:79 G 7=:>?78<@A9 >:H8>:79)

,B4C 79 A5CE5>94< 7B6:E8<I>8J@9 ?9@< D<E9 5CE8< FB@F 7: KBE>9 F@8L:4<9 M

δ = ln
e−ξω0ti

e−ξω0(ti+Ta)
= ln eξω0Ta = ξω0Ta

 B>>9 79 FNF<O>9 9F< :>BE<8P 7: ?F9@ABQ?5E8BA9 Ta 9F< AB4459 ?:E M

Ta =
2π

ωa

=
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9Y >DJG?;VF? E C9F< L<;? JM@>:J? B9:; >@ Z9;K? CD@E9;<F==?E?G< K9G=FCJ;J?)

 !!"#$%&#'( )*+

1J<?;EFG?; >? K9?SKF?G< CD@E9;<F==?E?G< MF=O:?:T JO:FM@>?G< C@G= >? K@= CD:G? Z9;K? CD@E9;[

<F==?E?G< O:@C;@<FO:?H B;9B9;<F9GG?>>? @: K@;;J C? >@ MF<?==?)  ? <AB? CD@E9;<F==?E?G< ?=<

;?GK9G<;J C@G= >? K@= C?= JK9:>?E?G<= <:;N:>?G<= C?= \:FC?=)

'G CJC:F;? >D@EB>F<:C? I >@ ;J=9G@GK?)

,'"-&#'(

.9F< >@ Z9;K? CD@E9;<F==?E?G< W

Fa = −sgn(ẋ)αẋ2

9Y sgn(ẋ) = ẋ
|ẋ|

@FG=F W

Fa = ±αẋ2

9Y >? =FVG? GJV@<FZ ?=< B;F= >9;=O:? ẋ ?=< B9=F<FM? ?< MFK? M?;=@)
>? CJB>@K?E?G< ?=< U@;E9GFO:? C? <AB? W x = −X cosωt
8DJG?;VF? CF==FBJ? B@; KAK>? ?=< W

E = 2

∫ X

−X
αẋ2dx = −2αω2X3

∫ π

0

sin3 ωtd(ωt)

=9F< W

E =
8

3
αω2X3

8? K9?SKF?G< CD@E9;<F==?E?G< MF=O:?:T JO:FM@>?G< ?=< <F;J I B@;<F; C? >DJV@>F<J C?= JG?;VF?

P()(XR W

πCeqωX
2 =

8

3
αω2X3

CD9Y

Ceq =
8

3π
αωX

8D@EB>F<:C? I >@ ;J=9G@GK? ?=< 9N<?G:? ?G B9=@G< ω = ω0 ?< Ceq = F0/(Xω0) P()(QR W

X =

√

3πF0

8αω2
0
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 ! !" #$ %$&'( )$**$&+(

-9:; <=9>; ?@AB =:C DE@F@?GHHG>I J K<DLIEG MNC O:G PQ<R<LSPL;;GHG>I ?Q<HDPLI:?G ?G; =LSE<T

IL9>; PLSEG; DGEHGI ?Q@=<P:GE PQ<H9EIL;;GHG>I ?Q:> ;U;IVHG B :> ?GWE@ ?G PLSGEI@C ;LHDPGHG>I

D<E PG F<PF:P ?: ?@FE@HG>I P9W<ELIKHLO:G) 6>G <:IEG IGFK>LO:G ?G ?@IGEHL><IL9> ?G PQ<H9EIL;;GT

HG>I G;I S<;@G ;:E PQ9S;GE=<IL9> ?G P< E@D9>;G G> E@WLHG DGEH<>G>I <:I9:E ?G P< E@;9><>FGC D<E

P< HG;:EG ?G P< P<EWG:E ?G S<>?G) 8Q<H9EIL;;GHG>I ?<>; :> ;U;IVHG =LSE<I9LEG G;I F<E<FI@EL;@

D<E ;< F9:ESG ?G E@;9><>FG JE@D9>;G ?<>; P< X9>G ?G E@;9><>FGN GI DG:I YIEG HG;:E@ D<E P<

S<>?G D<;;<>IG) 8< S<>?G D<;;<>IG G;I PQL>IGE=<PPG (r2 − r1) ;LI:@ <:I9:E ?G P< E@;9><>FG GI IGP
O:G PQ<HDPLI:?G ?G P< E@D9>;G D9:E PG; E<DD9EI; ?G ZE@O:G>FG; r1 GI r2 ;9LI @W<PG B PQ<HDPLI:?G ?G
P< E@D9>;G B P< ZE@O:G>FG ?G E@;9><>FG ?L=L;@G D<E

√
2) -9:; <=9>; ?@AB H9>IE@ O:G PG; ;U;IVHG;

Z<LSPGHG>I <H9EIL; ξ ≤ 0.1)C PG DLF ?G E@;9><>FG ?Q<HDPLI:?G F9EEG;D9>? <:[ =<PG:E; \ r ≃ 1 GI
Dmax ≃ 1/2ξ J()((N) '> EGHDP<]<>I ?<>; PQ@O:<IL9> J()M^N D D<E Dmax/

√
2C 9> 9SILG>I \

r4 + 2r2(2ξ2 − 1) + 1− 8ξ2 = 0

O:L < D9:E ;9P:IL9>; \

r21,2 = 1− 2ξ2 ± 2ξ
√

1 + ξ2

#:L;O:G ξ G;I Z<LSPG (ξ ≤ 0.1)C 9> <:E< \

r21,2 = 1± 2ξ

19>F 9> < \

r2 − r1 = 2ξ

'> EGHDP<]<>I PG; E<DD9EI; ?G; ZE@O:G>FG; D<E PG:E; G[DEG;;L9>;C >9:; <:E9>; \

∆Ω

ω0

=
∆f

f0
= 2ξ =

1

Q
J()(_N

9` Q G;I PG Z<FIG:E ?G ;:EIG>;L9> 9: Z<FIG:E ?G O:<PLI@) '> @PGFIE9>LO:GC Q HG;:EG P< E@;9><>FG

?: FLEF:LI @PGFIELO:G)

8< HG;:EG ?G P< S<>?G D<;;<>IG G;I IEV; :ILPL;@G D9:E ?@IGEHL>GE PG Z<FIG:E ?Q<H9EIL;;GHG>I ξ)
#<E <LPPG:E;C 9> < \

20 log10
X(r1)

Xr

= 20 log10
X(r2)

Xr

= −3dB

 G O:L A:;ILaG PQG[DEG;;L9> ZE@O:GHHG>I :ILPL;@G ?G bP<EWG:E ?G S<>?G B J3dBNb

8< aW:EG ()c ;FK@H<IL;G P< H@IK9?G ?Q9SIG>IL9> ?G P< ZE@O:G>FG ?G E@;9><>FG) 8G; D9L>I; M1

GI M2 ;9>I <DDGP@;C PG; D9L>I; ?G ?GHLTD:L;;<>FGC F<E PQ@>GEWLG ?L;;LD@G <:[ ZE@O:G>FG; F9EEG;T

D9>?<>I B r1 GI r2 G;I @W<PG B P< H9LIL@ ?G FGPPG ?L;;LD@G B P< E@;9><>FG)

 !"#$% ()c d 4@IK9?G ?G P< P<EWG:E ?G S<>?G

6.%!+  !"# $% /) +9:HG?LG>G e ") 4LP9:?L
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 !" #$%&'())*$*+' ,- './* )'&-0'-&12 %- 3.)'4&4)()

 9:;<=>?9:; @A BC; D>:>?C@ =EF: =>G@CBAHA:I JC?H9:<KFA ?>;F@IC:I =EF:A L9?BA =EAMB<ICI<9:

JC?H9:<KFA) ,: C =9:B N

F = F0 sinΩt AI x = X sin(Ωt− Φ)
8A I?COC<@ APABIF> GC? @A H9FOAHA:I GA:=C:I F: BQB@A A;I N

E =

∫

Fdx =

∫

F
dx

dt
dt = F0ΩX

∫ 2π
Ω

0

sinΩt cos(Ωt− Φ)dt

1E9R N

E = πF0X sinΦ S()(TU

$@ A;I >O<=A:IV KFEW GC?I<? =A BAIIA >KFCI<9: S()(TUV G9F? F:A CHG@<IF=A =9::>AV @E>:A?D<A =A

=<;;<GCI<9: HCM<HC@A C @<AF KFC:= Φ = 90 ◦) -9I9:; KFA @C B9:=<I<9: =A ?>;9:C:BA A;I Ω = ω0

G9F? Φ = 90 ◦ AI @ECHG@<IF=A B9??A;G9:=C:IA A;I N

X =
F0/k

2ξ
S()(XU

': ?AHG@CYC:I =C:; @E>KFCI<9: S()(TUV :9F; 9ZIA:9:; @A I?COC<@ APABIF> GC? BQB@A W @C ?>;9:C:BA N

E = 2πξkX2 = πCω0X
2

S()([U

8E>:A?D<A =<;;<G>A GC? BQB@A GC? @C L9?BA =ECH9?I<;;AHA:I GAFI \I?A ?AG?>;A:I>A GC? @C ]DF?A ()^V

;CBJC:I KFA Sẋ = XΩcos(Ωt − Φ) = ±Ω
√
X2 − x2U AI @C L9?BA =ECH9?I<;;AHA:I O<;KFAFM A;I

?AG?>;A:I>A GC? F:A A@@<G;A =9::>A GC? N

Fa = Cẋ = ±CΩ
√
X2 − x2

19:B @A I?COC<@ APABIF> GC? BQB@A A;I @EC<?A A:I9F?>A GC? @EA@@<G;A ?AG?>;A:I>A ;F? @C ]DF?A ()^)

 !"#$% ()^ _ 8C B9F?ZA JQ;I>?>;<;

.< :9F; B9:;<=>?9:; KFA @ECH9?I<;;AHA:I A;I C;;9B<> COAB @A ?A;;9?IV @E>KFCI<9: =A @C L9?BA I9IC@A

Ft !"# $%&&'! ()* +

Ft = Fr + Fa = kx± CΩ
√
X2 − x2 ,-.-/0

 !"!# $%&'()**+%+,( -)*./+/0 1./)-23+,( 4 /, 2%&'()**+%+,( 5/ (67+

*('/8(/'23 &/ 96*(1'1*)*

12)&$ 2& 3)#'*4)2 !"# 5657482!3!&# $'9%*3' 7:'&!*;4! !"# $4""4('! 4&#'*4!2*!3!&# ()* 7:4&#!*<

3'$4)4*! $2 3)#'*4)2 724<3=3!. >72"4!2*" !?('*4!&5!" %&# 4&$482'" 82! (%2* (72"4!2*" "#*25#2*!"

3'#)77482!" #!77!" 82! 7:)54!* !# 7:)7234&423 7:'&!*;4! $4""4('! ()* 5657! !"# 4&$'(!&$)&#! $! 7)

@ABCD  !"# $$ E. D%23!$4!&! F G. H47%2$4
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9:;<=>?@> AB=: =?> CD:E> FD?G> G> 9:;<=>?@>H) '? E;?;:DCI ?B=H DGJ>KKB?H <=> CL;?>:EM> GMHHMA;>

AD: DJB:KMHH>J>?K HK:=@K=:DC >HK A:BAB:KMB??>CC> D= @D::; G> CLDJACMK=G> G>H NMF:DKMB?H O HBMK P

E = αX2
Q()RST

8> @B>U@M>?K GLDJB:KMHH>J>?K NMH<=>=V ;<=MNDC>?K >HK GB?@ BFK>?= AD: P

πCeqωX
2 = αX2

Q()RWT

GLBX P

Ceq =
α

πω
Q()R(T

8D 9B:@> GLDJB:KMHH>J>?K HK:=@K=:DC >HK GB?@ P

Fa = Ceqẋ =
α

πω
ẋ Q()RRT

>K CL;<=DKMB? GMY;:>?KM>CC> G= JB=N>J>?K A>=K HL;@:M:> HB=H CD 9B:J> P

mẍ+
α

πω
ẋ+ kx = F0e

jωt
Q()RZT

>K GD?H C> @DH GL=? G;ACD@>J>?K [D:JB?M<=>I ẋ = jωxI CL;<=DKMB? Q()RZT G>NM>?K P

mẍ+ j
α

π
x+ kx = F0e

jωt
Q()R\T

'? ABHD?K

α
π
= ηkI CL;<=DKMB? G> JB=N>J>?K >HK GB?@ GB??;> AD: P

mẍ+ k(1 + jη)x = F0e
jωt

Q()R]T

BX k(1 + jη) >HK CD :MEMGMK; @BJAC>V> >K η >HK DAA>C;> 9D@K>=: G> A>:K> AD: DJB:KMHH>J>?K
HK:=@K=:DC)

 !"! #$ %&'()*+ ,(%-&+ ./0) *1*234+ $5+- 0) $4(%26**+4+)2 *2%0-207

%$#

8D :;AB?H> G= JB=N>J>?K A>:JD?>?K G> CL;<=DKMB? Q()R]T >HK GB?@ GB??;> AD: P

x = Xej(ωt−Φ)
Q()R^T

#D: MG>?KM_@DKMB?I B? D P

[(k −mω2) + jηk]Xe−jΦ = F0

GLBX B? KM:> P

X = F0√
(k−mω2)2+(ηk)2

= F0/k√
(1−r2)2+η2

Q()R`T

>K

Φ = arctan ηk
k−mω2 = arctan η

1−r2 Q()RaT

 !" #$$%&'()&*+ $,()&-./0 12.+ 030)45/ 6 .+ 11% 0*.5&0 6

.+/ 7*,'/ 8(,5*+&-./

-B=H A:;H>?KB?H JDM?K>?D?KI CL=KMCMHDKMB? A:DKM<=> G>H HbHKcJ>H NMF:D?KH JBG;CMH;H AD: =? HbHd

KcJ> e =? G>E:; G> CMF>:K; HB=JMH e =?> >V@MKDKMB? [D:JB?M<=>)
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 !"!# $%&'()* *%+, &-, .%/01+-, 2'()+%+2-,

69: ;<=>?9:@ <9 AB;:<= CD:E;=?F<: B< ;B<;: G<;=: AGEH?9: GI:E <9 =B;B= EBAA: B=JG9: K=?9E?KGD

:L; <9: AGEH?9: ;B<=9G9;:) ,9 KG=D: M: DG K=CL:9E: MN<9 >GDB<=M L? D: E:9;=: M:L AGLL:L M< =B;B=

9: L: EBO9E?M: KGL GI:E LB9 GP: M: =B;G;?B9) 8: K=BM<?; M: DG AGLL: KG= LB9 :PE:9;=:A:9; (me)
:L; KG= MCQ9?;?B9 D: >GDB<=M M: DG AGEH?9: ;B<=9G9;: R/?J<=: ()S GT) 8G AGEH?9: ;B<=9G9;: M:

AGLL: ;B;GD: M AB9;=C: L<= DG RQJ<=: ()S GT :L; L<KKBLC: L: MCKDGE:= MG9L DG M?=:E;?B9 I:=;?EGD:

x(t))

RGT 4BMUD: ?9?;?GD R>T 4BMUD: CF<?IGD:9;)

 !"#$% ()S V +GDB<=M

8G AGLL: :PE:9;=C: m ;B<=9: GI:E <9: I?;:LL: G9J<DG?=: Ω)
.B?; x(t) D: MCKDGE:A:9; I:=;?EGD M: DG AGLL: (M −m)@ GDB=L D: MCKDGE:A:9; I:=;?EGD M: m :L; W

x+ e sinΩt

BX W e :L; DN:PE:9;=?E?;C)
8NCF<G;?B9 M?YC=:9;?:DD: M< AB<I:A:9; M< LZL;UA: :L; GDB=L W

(M −m) ẍ+m
d2

dt2
(x+ e.sinΩt) + Cẋ+Kx = 0

B< >?:9 W

Mẍ+ Cẋ+Kx = m.eΩ2sinΩt R()[\T

#BLB9L m.eΩ2 = Feq@ DNCF<G;?B9 M: AB<I:A:9; LNCE=?; W

Mẍ+ Cẋ+Kx = FeqsinΩt R()[]T

,9 K:<; MG9L E: EGL MB99:= D: ABMUD: CF<?IGD:9; G< LZL;UA: ?9?;?GD@ :; DG =CKB9L: :9 AB<I:A:9;

K:=AG9:9; M< LZL;UA: :L; MB99C: KG= W

x =
meΩ2

K
D sin (Ωt− φ) R()[(T

GI:E W D =
1

√

(1− r2)2 + (2ξr)2
@ r =

Ω

ω0

@ ω0 =

√

K

M
^ ξ =

C

2
√
KM

:; φ = Arctg
2ξr

1− r2

" KG=;?= M: DNCF<G;?B9 ()[(@ B9 G W

x =
meΩ2

M
k

M

D sin (ωt− φ) =
me

M
r2D sin (ωt− φ) = X sin (ωt− φ)

6.%!+  !"# $% /) +B<A:M?:9: _ ") 4?DB<M?
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89:;<=>?@AB AB =: CD<EFGB BF ;E@HB;BF? <BC;:FBF? BG? I

X =
me

M
r2D J()KLM

'F CDGEF:FNB AB <O:GBP r = 1 Q D =
1

2ξ
Q X =

me

2ξM
B? φ = Arctg

2ξr

0
= 90 

AB =9DR@:?>EF ()KLP EF : I

MX

me
= r2D =

r2
√

(1− r2)2 + (2ξr)2
J()KKM

 B??B ABCF>SCB DR@:?>EF BG? >==@G?CDB G@C =: TU@CB ()VP <E@C A>WDCBF?BG H:=B@CG AB =9:;EC?>GGB;BF?)

 !"#$% ()V X 8B C:<<EC? MX/me

 !"#$%&!'

Y #E@C AB Z:>[=BG H>?BGGBGP R@:FA r << 1P =: ZECNBmeΩ2
BG? <B?>?B B? =9:;<=>?@AB X ABG H>[C:?>EFG

BG? <CENOB AB \DCE)

Y 'F CDGEF:FNB AB <O:GBP R@:FA r = 1 B? =B Z:N?B@C A9:;<=>TN:?>EF A]F:;>R@B D = 1/2ξP =:
;:GGB (M − m) : @FB :;<=>?@AB DU:=B ^ X = me/(2ξM) BG? <:C NEFGDR@BF? =>;>?DB <:C =:
<CDGBFNB AB =9:;EC?>GGB;BF? A:FG =B G]G?S;B) 8: ;:GGB (M −m) : @F AD<O:G:UB AB Φ = 90 ◦

<:C C:<<EC? ^ =: ;:GGB B_NBF?CDB mP =ECGR@B =: ;:GGB (M − m) GB AD<=:NB HBCG =B O:@? BF
<:GG:F? <:C G: <EG>?>EF A9DR@>=>[CB G?:?>R@BP =: ;:GGB BG? A>CBN?B;BF? :@ ABGG@G AB GEF NBF?CB

AB CE?:?>EF)

Y #E@C =BG UC:FABG H>?BGGBGP R@:FA r >> 1P MX
me

≃ 1)  9BG? ^ A>CB R@B =: ;:GGB (M − m) :
@FB :;<=>?@AB X ≃ me

M
) 'F A9:@?CBG ?BC;BG =9:;<=>?@AB BG? >FAD<BFA:F?B AB =: ZCDR@BFNB

A9B_N>?:?>EF E@ AB =9:;EC?>GGB;BF? A@ G]G?S;B) 8ECGR@B r >> 1 P =BG ;:GGBG (M −m) B? m GEF?

BF E<<EG>?>EF AB <O:GB (Φ = 180 ◦))
 BG ADA@N?>EFG <B@HBF? `?CB :<<=>R@DBG :@ ;E@HB;BF? ADGDR@>=>[CD ABG ;:NO>FBG :=?BCF:?>HBG)

 !"! #$%&'()%* +),-'(%)-. .( (-'*$/)$$),)&)(0

8BG ZECNBG AB H>[C:?>EFG UDFDCDBG <:C =BG ;:NO>FBG ?E@CF:F?BG B? R@> GEF? ?C:FG;>GBG ^ =: ZEFA:Y

?>EF GEF? GE@HBF? >FDH>?:[=BG Q NB<BFA:F?P B==BG <B@HBF? `?CB CDA@>?BG NEFG>ADC:[=B;BF? <:C @F

NOE>_ :<<CE<C>D ABG CBGGEC?G B? :;EC?>GGB@CG)

6.%!+ (#)! *+ /) +E@;BA>BFB a ") 4>=E@A>
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 !"!# $%& '()*+ ,-*'%./-* 0/1/'+ 2.0%*&3/&&/4/5/.6 +* ,-07+8

.9::;<=>? @9A B= C;>D=?E;> A<? FEGEDA H/EG9FA ()IJ) .E B= C;FKA =::BE@9LA M B= N=<<A N A<?

O=FN;>E@9AP BQL@9=?E;> DA N;9RANA>? D9 <S<?TNA <QLKFE? U

Mẍ+ Cẋ+Kx = FeqsinΩt

 !"#$% ()I V  =< DQ9>A C;>D=?E;> FEGEDA

8= FL:;><A D9 <S<?TNA M 9>A AWKE?=?E;> O=FN;>E@9A A<? U

x(t) = Ae−ξω0tsin(ωat+ φ1) +
Feq

k
D sin(ωt− φ) H()XYJ

A? B= C;FKA ?F=><NE<A =9 <;B <AF= U

FT = Cẋ+ kx H()XZJ

,> <QE>?LFA<<A 9>E@9ANA>? =9W C;FKA< ?F=><NE<A< :A>D=>? BA N;9RANA>? :AFN=>A>?P =B;F< U

FT = kX sin(ωt− φ) + CXω cos(ωt− φ) = X
√

k2 + (Cω)2 sin(ωt− φ+ ψ)

 A @9E D;>>A U

FT =
Feq

k
D
√

k2 + (Cω)2 sin(ωt− φ+ ψ) H()XIJ

;9 A> C;>K?E;> D9 C=K?A9F DQ=N;F?E<<ANA>? ξ U

FT = FeqD
√

1 + (2ξr)2 sin(ωt− φ+ ψ) H()X[J

=RAK ψ = arctan Cω
k

= arctan 2ξr
8= ?F=><NE<<E\EBE?L TR A<? :=F DL]>E?E;>P BA F=::;F? DA< =N:BE?9DA< DA B= C;FKA ?F=><NE<A A?

KABBA =::BE@9LA U

TR = ||FT ||
||Feq || H()X^J

 A @9E D;>>A U

TR =

√
1+(2ξr)2√

(1−r2)2+(2ξr)2
H()Y_J

 A??A DAF>ETFA FAB=?E;> >;9< :AFNA? DA ?F=KAF BA< K;9F\A< DA B= DL:A>D=>KA TR = f(r) :;9F
DE`LFA>?A< R=BA9F< DQ=N;F?E<<ANA>? ξ H/EG9FA ()[J)
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 !"#$% ()9 : 8; <=;>?@A??ABACA<D E> FG=HE TR

,> =E@;=IJE IJE <GJ<E? CE? HGJ=BE? KJ L=;MNE ?E HGO>HAKE>< ;J @P@E MGA>< KQ;B?HA??E r =
√
2)

 E MGA>< HGJME C; RLJ=E E> KEJS TG>E? U J>E TG>E KQ;@MCARH;<AG> Vr <
√
2W E< J>E TG>E

KQA?GC;<AG> XAB=;<GA=E Vr >
√
2W) 1;>? C; TG>E KQ;@MCARH;<AG> Vr <

√
2)Y CQ;HH=GA??E@E>< KE

CQ;@G=<A??E@E>< H;J?E C; KA@A>J<AG> KE C; <=;>?@A??ABACA<D TR) #;= HG><=EY IJ;>K C; @;HNA>E
<GJ=>E ;XEH J>E XA<E??E <ECCE IJE Vr >

√
2W C; FG=HE <=;>?@A?E E?< A>FD=AEJ=E Z C; FG=HE ;MMCAIJDE

@;A? ?A ξ ;JL@E><E TR ;JL@E><E ;J??A) "A>?A MGJ= J>E @;HNA>E Z XA<E??E HG>?<;><EY CQ;@MCA[

<JKE KE C; FG=HE KQESHA<;<AG> E?< HG>?<;><E E< C; FG=HE <=;>?@A?E E?< M=GMG=<AG>>ECCE Z C; X;CEJ=

KE C; <=;>?@A??ABACA<D TR) $C E?< KG>H ;X;><;LEJS KE HNGA?A= C; XA<E??E KE C; @;HNA>E <ECCE IJE
Ω/ω0 >

√
2 ) '> A?GC;<AG> XAB=;<GA=EY G> M=DFD=E=; KG>H KE? F=DIJE>HE? M=GM=E? B;??E? E< KE

F;ABCE? ;@G=<A??E@E><?)

1;>? CE H;? KQJ> ;@G=<A??E@E>< ?<=JH<J=;CY C; FG=HE <=;>?@A?E ;J ?GC E?< KG>>DE M;= U

FT = k(1 + jη)x  !"#$%

x &'( )& *+,)-.&/&0( *100+ ,-2 )- 2&)-(310  !"45%" 60 17(3&0( -)12' 8

FT = k(1 + jη)
F0/k

√

(1− r2)2 + η2
ej(ωt−Φ) =

F0(1 + jη)
√

(1− r2)2 + η2
ej(ωt−Φ)

91//& )- (2-0'/3''373)3(+ TR &'( )& 2-,,12( *& ):-/,)3(;*& *& )- <12.& (2-0'/3'& = .&))& -,,)3>

?;+&  !"@A%B 10 -;2- 8

TR =

√

1 + η2
√

(1− r2)2 + η2
 !"#!%

 !"!" #$% &'()* +,)&$-.,) /,0.1* 2-3$)%/.%%.0.1.-4 *) &451$6*/*)-7

C:&D.3(-(310 ,&;( E(2& -,,)3?;+& -; ';,,12( 1; = )- 7-'& *; 'F'(G/&" H) &'( *-0' .& .-' ;(3)& *&

.10'3*+2&2 -;''3 73&0 )& /1;I&/&0( -7'1); *& )- /-''& ?;& )& /1;I&/&0( 2&)-(3< *& )- /-''& &(

*; ';,,12(  J3K;2& !"A%"

LMNOP  !"# $% J" P1;/&*3&0& Q R" S3)1;*3
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 !"#$% ()9 :  ;< =>?@A BC@=;DEC@ FCGEHA

'D?=EC@< HA FC?IAFA@D ;G<CH? x(t) =A H; F;<<A m) '@ ;JJHEK?;@D HA JLE@MEJA BC@=;FA@D;H =A
H; =N@;FEK?AO C@ CGDEA@D H>PK?;DEC@ =? FC?IAFA@D <C?< H; BCLFA Q

mẍ+ C(ẋ− ẏ) + k(x− y) = 0

C? GEA@ Q

mẍ+ Cẋ+ kx = ky + Cẏ R()STU

<E y(t) = Y sinωtO H>PK?;DEC@ =A FC?IAFA@D =AIEA@D Q

mẍ+ Cẋ+ kx = Y (k sinωt+ Cω cosωt)

K?E JA?D VDLA PMLEDA <C?< H; BCLFA Q

mẍ+ Cẋ+ kx = Feq sin(ωt+ γ) R()SWU

CX Q γ = arctan Cω
k

= arctan(2ξr) AD Feq = Y
√

k2 + (Cω)2 = Y k
√

1 + (2ξr)2

8; <CH?DEC@ =A H>PK?;DEC@ =EYPLA@DEAHHA A<D Q

x(t) =
Feq

k
D sin(ωt− φ+ γ)

x(t) = Y
√

1 + (2ξr)2D sin(ωt− φ+ γ) R()SSU

;IAM Q φ = arctan 2ξr
1−r2

8A L;JJCLD =A =PJH;MAFA@D A<D ;HCL< =C@@PA J;L Q

X
Y
=

√
1+(2ξr)2√

(1−r2)2+(2ξr)2
R()SZU

-C?< LAF;LK?C@< K?A H; DL;@<FE<<EGEHEDP A@ =PJH;MAFA@D A<D P[;HA \ H; DL;@<FE<<EGEHEDP =A BCLMA

DLC?IPA JC?L HA M;< =A BC@=;DEC@ LE[E=A) 8; BCLMA DL;@<FE<A \ H; F;<<A

fT (t) = −C(ẋ− ẏ)− k(x− y) = mẍ(t)⇒ FT = mω2X

,@ =EIE<A MADDA I;HA?L J;L ]2 JC?L DLC?IAL ?@A I;HA?L ;=EFA@<EC@@AHHAO C@ DLC?IA Q

FT

kY
= r2TR R()S^U

8A FC?IAFA@D LAH;DEB A@DLA H; F;<<A AD HA <?JJCLD A<D Q z = x− y) '@ <?G<DED?;@D x J;L z − y
=;@< H>PK?;DEC@ =A FC?IAFA@D R()SWU C@ ;?L; Q

mz̈ + Cż + kz = −mÿ = mω2Y sinωt R()S_U

6.%!+  !"# $% /) +C?FA=EA@A ` ") 4EHC?=E
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89 :;<=>?@ @> A=BC@A@>D <@:A9>@>D ?E;F:GD H

z(t) =
mω2Y

k
D sin(ωt− φ) = r2DY sin(ωt− φ)

9C@F φ = arctan 2ξr
1−r2

1=>F I@ :9<<=:D @>D:@ IE9A<IGDBJ@ J@ J;<I9F@A@>D :@I9DGK Z @D IE9A<IGDBJ@ J@ I9 L9?@ Y @?D

J=>>; <9: M/GNB:@ ()OPQ H

Z
Y
= r2D = r2√

(1−r2)2+(2ξr)2
M()RSQ

 !"#$% ()OP T 8@ :9<<=:D J@? 9A<IGDBJ@? Z/Y

 !"!# $%%&'()*'+, - .)%*/012 3/ 4'51)*'+,2

 @DD@ 9<<IGF9DG=> F=::@?<=>J 9B F9? JEB>@ K=>J9DG=> A=LGI@ M/GNB:@ ()OOQ)  =AA@ >=B? C@>=>?

J@ C=G: <:;F;J@AA@>D M()RSQU IE9A<IGDBJ@ J@ I9 :;<=>?@ @?D J=>>;@ <9: H

Z =
r2Y

√

(1− r2)2 + (2ξr)2
= r2DY

@D φ = arctan 2ξr
1−r2

 !"#$% ()OO T  9<D@B:? J@ CGL:9DG=>?

 !"#$%&' ( )!''$ *&+,%$-.$ "&/"&$ 012)&/34#&$5

8=:?VB@ I9 K:;VB@>F@ <:=<:@ JB F9<D@B: J@ CGL:9DG=>? @?D K9GLI@ J@C9>D I9 K:;VB@>F@ J@? CGL:9DG=>?

W A@?B:@:U FE@?D W JG:@ r >> 1 U I@ :9<<=:D Z/Y @?D <:=FX@ J@ IEB>GD;U @> GN>=:9>D I9 C9I@B:

JB K9FD@B: JE9A=:DG??@A@>D) 8@ A=BC@A@>D :@I9DGK J@ I9 A9??@ A J@ IE=?FGII9D@B: @?D J=>F ;N9I@

9B J;<I9F@A@>D W A@?B:@: (Z = Y )) 6> D@I G>?D:BA@>D @?D 9<<@I; YCGL:=A;D:@Z)  @<@>J9>D
IE9A<IGDBJ@ JB A=BC@A@>D W A@?B:@: @?D IGAGD;@ <9: I@? JGA@>?G=>? JB F9<D@B:)

6.%!+ "!6$ 78 /) +=BA@JG@>@ [ ") 4GI=BJG
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 !"#$%&' ( )!%#$ *&+,%$-.$ "&/"&$ 0!..+1+&/23#&$4

89:;<=> ?@ A:B<=>CD> E:9E:> F= D@EG>=: F> HIJ:@GI9C >;G K:@CF> F>H@CG ?@ A:B<=>CD> F>; HIJ:@L

GI9C; M N>;=:>:O DP>;G M FI:> r << 1 O ?> FBC9NIC@G>=: F> ?PB<=@GI9C Z = f(r) G>CF H>:; ?P=CIGB
FP9Q 9C @ R

Z ≃ r2Y =
ω2Y

ω2
0

9: ω2Y = ÿ >;G ?P@DDB?B:@GI9C FP9Q R

Z =
ÿ

ω2
0

F9CD Z >;G E:9E9:GI9CC>??> M ?P@DDB?B:@GI9C F= N9=H>N>CG M N>;=:>: FP9Q ;9C @EE>??@GI9C

S@DDB?B:9NTG:>U)

5""16.!#6/- 787

6C N9FT?> ;INE?IVB F> ?@ ;=;E>C;I9C FP=C HBWID=?> >;G :>E:B;>CGB ;=: ?@ VK=:> ()X() 8PW@JIG@D?>

F= HBWID=?> F> N@;;> N >;G D9CC>DGB @=Y :9=>; E@: =C> ;=;E>C;I9C N9FB?I;B> E@: =C :>;;9:G

F> :@IF>=: Z >C E@:@??T?> @H>D =C @N9:GI;;>=: HI;<=>=Y F> D9>[DI>CG FP@N9:GI;;>N>CG C) 8>;
:9=>; ;9C ;=EE9;B>; :IKIF>; >G ;=IH>CG ?> D9CG9=: F> ?@ :9=G>) 8> D9CG9=: F> ?@ :9=G> G:@H>:;B>

E@: ?> HBWID=?> >;G ;=EE9;B ;IC=;9\F@? D9NN> ?> N9CG:> ?@ VK=:> XLJO F9CCB E@: R

y(x) = A.sin
2π

λ
x

 !"#$% ()X( ] ^@_ *BWID=?> N9FB?I;B E@: =C ;`;GTN> M X F)F)?) >G ^J_ E:9V?> F> ?@ :9=G>)

,C F9CC> R

m = 500 kgO K = 4× 104
N

m
O >G C = 3000

Ns

m
.I ?> HBWID=?> :9=?> M =C> HIG>;;> 9:;7 2<'O FBG>:NIC>: R

X) 8@ E=?;@GI9C C@G=:>??> F= ;`;GTN>O

() 8> A@DG>=: FP@N9:GI;;>N>CG ξO

a) 8@ E=?;@GI9C F= FBE?@D>N>CG F= HBWID=?>O

b) 8> :@EE9:G F>; A:B<=>CD>; &O

c) 8@ G:@C;NI;;IJI?IGB =>O

d) 8P@NE?IG=F> @J;9?=> F= FBE?@D>N>CG F= HBWID=?>O

e) 8P@NE?IG=F> @J;9?=> F> ?P@DDB?B:@GI9C F= HBWID=?>

?/1%#6/-

X) 8@ E=?;@GI9C C@G=:>??> F= ;`;GTN>O

ω0 =

√

K

M
;9IG R ω0 =

√

4× 104

500
= 8, 944

rad

s

6.%!+ "!@$ AB /) +9=N>FI>C> f ") 4I?9=FI
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() 89 :;<=9>? @A;BC?=DEE9B9F= ξG

ξ =
C

2mω0

ECD= ξ =
3000

2× 8, 944
= 0, 3354

H) 8; I>JE;=DCF @> @KIJ;<9B9F= @> LKMD<>J9G

Ω =
2πV

λ
ECD= Ω =

2× π × 52

2, 5
= 130, 69

rad

s

N) 89 ?;IIC?= @9E :?KO>9F<9E  G

r =
Ω

ω0

ECD= P r =
130, 69

8, 944
= 14, 612

Q) 8; =?;FEBDEEDRDJD=K !"G

TR =

√

1 + (2ξr)2
√

(1− r2)2 + (2ξr)2
ECD= P TR = 0, 046

S) 8A;BIJD=>@9 ;RECJ>9 @> @KIJ;<9B9F= @> LKMD<>J9G

X

Y
= TR⇒ X = Y.TR ;L9< Y = A @CF< X = 0, 01× 0, 046 = 4, 631× 10−4 m

T) 8A;BIJD=>@9 ;RECJ>9 @9 JA;<<KJK?;=DCF @> LKMD<>J9

Ac = Ω2X ECD= Ac = 130, 692 × 4, 631× 10−4
m

s2

#$$%&'()&*+ ,-.

6F9 B;<MDF9 @9 B;EE9 M = 130 kg 9E= BCFU
=K9 E>? >F E>IIC?= BCRDJ9G <CBB9 J9 BCF=?9 J;

VW>?9 <DU<CF=?9 P ,F @CFF9 P

ξ = 0, 13
y(t) = sin(2πft) avec : f = 9 Hz

 !"#$% ()XH Y .ZE=[B9 \ R;E9 BCRDJ9)

1K=9?BDF9? P

X) J; ?;D@9>? 9]9<=DL9 @> E>IIC?=G ED >F9 B9E>?9 @9 J; :?KO>9F<9 I?CI?9 @> EZE=[B9 ; @CFFK

f0 = 3 Hz

() J; :?KO>9F<9 @9E LDR?;=DCFE @9 J; B;<MDF9 I?CLCO>K9E I;? JA9^<D=;=DCF @> E>IIC?=G

H) JA;BIJD=>@9 @> ?;IIC?=

X

Y
@CFF;F= J9 ?KWDB9 K=;RJD @> BC>L9B9F= L9?=D<;J @9 J; :CF@;U

=DCF)

/*%0)&*+

X) 8; :?KO>9F<9 I?CI?9 9E= @CFFK9 I;? P

f0 =
1

2π

√

K

M
=⇒ K = 4π2f 2

0M = 46, 19× 103 N/m

() IC>? >F EZE=[B9 JDFK;D?9 J; :?KO>9F<9 @9 J; ?KICFE9 9E= KW;J9 \ <9JJ9 @9 JA9^<D=;=DCF P

frep = f = 9Hz

H) JA;BIJD=>@9 @> ?;IIC?=

X

Y
@CFF;F= J9 ?KWDB9 K=;RJD @> BC>L9B9F= L9?=D<;J @9 J; :CF@;U

=DCFG 9E= J; =?;FEBDEEDRDJD=K 9F @KIJ;<9B9F= @CFFK9 I;? P

TR =
X

Y
=

√

1 + (2ξr)2
√

(1− r2)2 + (2ξr)2

6.%!+ $(12 3, /) +C>B9@D9F9 _ ") 4DJC>@D
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89 :;<<=:> ?9@ A:BCD9EF9@ 9@> ?=EEB <;: G r =
f

f0
=

9

3
= 3

?H=I G TR = 0, 1578

 !!"#$%&#'( )*+

6E9 J;FKLE9 ?9 <=L?@ P = 3000 N M 9@> @D<<=:>B9 <;: DE9 A=E?;>L=E N9OLPQ9) 8; ?9N9OL=E
@>;>LCD9 ?9 Q; A=E?;>L=E ?D ;D <=L?@ ?9 Q; J;FKLE9 9@> f = 7, 5 cm) $Q 9@> =P@9:RB CD9 Q;
J;FKLE9 RLP:9 ;R9F DE9 ;J<QL>D?9 X = 1 cm CD;E? Q; P;@9 9@> @=DJL@9 S DE9 =@FLQQ;>L=E

K;:J=ELCD9 S Q; A:BCD9EF9 <:=<:9@ ?D @T@>UJ9 E=E ;J=:>L ;R9F DE9 ;J<QL>D?9 ?9 Y = 0, 25 cm)
%:=DR9: G

V) 89 A;F>9D: ?H;J=:>L@@9J9E> ξ ?9 Q; A=E?;>L=EM

() 8; A=:F9 ?TE;JLCD9 >:;E@JL@9 FT S Q; A=E?;>L=EM

W) 8H;J<QL>D?9 ?D J=DR9J9E> :9Q;>LA Z 9E>:9 Q9 ?B<Q;F9J9E> ?9 Q; J;FKLE9 9> Q; A=E?;>L=E)

,'"-&#'(

V) 8; :LXL?L>B ?9 Q; A=E?;>L=E <9D> Y>:9 ?B?DL>9 S <;:>L: ?9 Q; ?9N9OL=E @>;>LCD9 G

Mg = K.f =⇒ K =
Mg

f
=

3000

0, 0075
= 4× 104 N/m

 !"# "$ %&'( ) ω0 =

√

3× 105

3000
= 10 rad/s*

+ ,( '-.."'%  (/ -0.1&%2 (/ (/%  "$$3 .-' )

X

Y
=

√

1 + (2ξr)2
√

(1− r2)2 + (2ξr)2

4 1- '3/"$-$5( r = 16 1( '-.."'%  (7&($% )

X

Y
=

√

1 + (2ξ)2

2ξ
=

1

0, 25
= 4

 !"# "$ - ) 60ξ2 − 1 = 0 =⇒ ξ = 0, 1291

8* ,- 9"'5(  :$-0&;2( %'-$/0&/( FT < 1- 9"$ -%&"$ (/% "=%($2( < .-'%&'  ( )

FT

kY
= r2.TR =⇒ FT = kY r2

√

1 + (2ξ)2

(1− r2)2 + (2ξr)2

4 1- '3/"$-$5(6 5(%%( 9"'5( (/%  "$$3( .-' )

FT = kY

√

1 + (2ξ)2

2ξ
= KX = 40000× 0, 01 = 400 N

>* ,!-0.1&%2 (  2 0"27(0($% '(1-%&9 Z .(2% ?%'( "=%($2 < .-'%&'  ( )

Z

Y
= r2D =

r2
√

(1− r2)2 + (2ξr)2

4 1- '3/"$-$5(6 "$ - )

Z

Y
=

1

2ξ

 !"# Z =
Y

2ξ
=

0, 0025

2× 0, 1291
= 0, 00968 m

@ABCD  !"# $% E* D"20( &($( F 4* G&1"2 &
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 !!"#$%&#'( )*+

69: ;<=>?9: @ =ABCD: C: ;<EE: M = 165 kg FDGE:9H: B9 I<JABDC C: m0e = 0, 15 kg.m) 8<
;<=>?9: AFKD: @ B9: LDGMB:9=: f = 125 Hz :H ;A9HG: EBD B9: LA9C<H?A9 C: D<?C:BD GMB?N<J:9H:

K = 2 × 106
N

m
:H C: =A:O=?:9H CP<;ADH?EE:;:9H ξ = 0, 12) 1GH:D;?9:D JP<;FJ?HBC: X CB

DGQ?;: GH<IJ? C: J< ;<=>?9:)

,'"-&#'(

R 8< FBJE<H?A9 FDAFD: :EH CA99G: F<D S

ω0 =

√

K

M
EA?H S ω0 =

√

2× 106

165
= 110, 096

rad

s
R 8< FBJE<H?A9 CP:T=?H<H?A9 :EH CA9= S

Ω = 2πf EA?H S Ω = 2× π × 125 = 785, 398
rad

s
R 8: D<FFADH C:E LDGMB:9=: S

r =
Ω

ω0

EA?H S r =
785, 398

110, 096
= 7, 134

R 8P<;FJ?HBC: C: J< ;<=>?9: :EH CGCB?H: @ F<DH?D C: S

MX

m0e
= r2D =

r2
√

(1− r2)2 + (2ξr)2
CPAU S X =

m0e.r
2

√

(1− r2)2 + (2ξr)2
= 9, 268× 10−4 m

 !" #$%&'('&)* +,-&).&/01

1<9E =:HH: F<DH?: CB =><F?HD:V 9ABE FDGE:9HA9E JP<FFJ?=<H?A9 C:E EGD?:E C: /ABD?:D FABD CGH:DR

;?9:D J< DGFA9E: CB EWEHK;: @ B9 C:QDG C: J?I:DHG @ B9: LAD=: FGD?AC?MB:)

 !"!# $%&'()* +* ,-./0*/

-ABE =A9E?CGDA9E B9 EWEHK;: @ B9 C:QDG C: J?I:DHG EABE JP<=H?A9 CPB9: =><DQ: FGD?AC?MB: MB?

:EH B9: LAD=: CA9H J< LA9=H?A9 E: DGFKH: @ ?9H:DN<JJ: C: H:;FE GQ<BT T MB? D:FDGE:9H: J< FGD?AC:
C: J< LA9=H?A9) /ABD?:D < ;A9HDG MB: HABH: LA9=H?A9 FGD?AC?MB: F:BH XHD: :TFD?;G: =A;;: J<

EA;;<H?A9 CPB9 9A;ID: ?9Y9? C: H:D;:E :9 E?9BE :H :9 =AE?9BE) .A?H B9: LA9=H?A9 FGD?AC?MB:

(f(t) = f(t+ T )) AU T :EH J< FGD?AC: =A;;: D:FDGE:9HG C<9E J< Z/?QBD: ()[\])

 !"#$% ()[\ ^ /AD=: FGD?AC?MB:

.ABE DGE:DN: C: D:;FJ?D =:DH<?9:E =A9C?H?A9E ZH>GADK;: C: 1?D?=>J:H]V B9: LA9=H?A9 FGD?AC?MB:V

C: FGD?AC: %V F:BH EPG=D?D: EABE J< LAD;: C: J< EGD?: EB?N<9H: S

f(t) = a0 +
∑∞

n=1(an cosnωt+ bn sinnωt) Z()_`]

6.%!+ !%./ 00 /) +AB;:C?:9: a ") 4?JABC?



 !"#$%&' () *$+&"%$,-. /,& 0'. 1'. .2.%34'. 5 6- 1'7&0 1' 8$+'&%0

9:;< ω = 2π/T ;=> ?9 @A?=9>BCD EF;G<B>9>BCD)
8;= <C;H<B;D>= E; ?9 =IJB; =FCK>B;DD;D> @9J ?;= ;G@J;==BCD= L

a0 =
1
T

∫ T

0
f(t)dt M()NOP

an = 2
T

∫ T

0
f(t) cos(2π

T
nt)dt M()N(P

bn = 2
T

∫ T

0
f(t) sin(2π

T
nt)dt M()NQP

.CB> f(t) AD; RCJ<; EF;G<B>9>BCD S ;??; ;=> 9?CJ= ?9 =CTT; EFAD; RCJ<; <CD=>9D>; a0 M:9?;AJ TCU;DD;
E; ?9 RCJ<;P ;> AD; =IJB; E; RCJ<;= V9JTCDBWA;=X E; @A?=9>BCD= n.ω ;> EF9T@?B>AE;= an ;> bn) 89
JI@CD=; EFAD =U=>YT; =CATB= Z AD; >;??; RCJ<; EF;G<B>9>BCD =;J9 ECD< ?9 =CTT; E;= JI@CD=;= Z

<V9WA; V9JTCDBWA; M>;JT; E; ?9 =IJB;P)

 !"! #$%&'() * +') ),-./0/.&' 1)%1$()'/$) %01 2)( ($1.)( 2) 3&+1.)1

89 JI@CD=; EA =U=>YT; Z AD E;[JI E; ?BK;J>I Z AD; RCJ<; @IJBCEBWA;X J;@JI=;D>I; @9J E;= =IJB; E;

/CAJB;J ;=> CK>;DA; @9J ?9 =A@;J@C=B>BCD E;= JI@CD=;= E; <V9WA; <CT@C=9D>; E;= =IJB;=) \A9DE

?; JI[BT; >J9D=B>CBJ; ;=> DI[?B[IX ?9 JI@CD=; EA =U=>YT; Z <V9WA; >;JT; ;D =BDA= E; ?FIWA9>BCD

M()N]P ;=> ECDDI; @9J L

yn(t) =
bn/k

√

(1− r2n)
2 + (2ξrn)2

sin(nωt− Φn) M()N^P

>;? WA; L tanΦn = 2ξrn
1−r2n

CA KB;D =CA= ?9 RCJT; L

yn(t) =
bn
k

(1− r2n) sinnωt− (2ξrn) cosnωt

(1− r2n)
2 + (2ξrn)2

M()N_P

#CAJ ?;= >;JT;= ;D <C=BDA=X DCA= CK>;DCD= L

yn(t) =
an
k

(1− r2n) cosnωt− (2ξrn) sinnωt

(1− r2n)
2 + (2ξrn)2

M()NNP

/BD9?;T;D>X ?9 JI@CD=; >C>9?; ;=> ECDDI; 9?CJ= @9J ?9 =A@;J@C=B>BCD E;= >;JT;= ;G@JBTI= @9J

?;= IWA9>BCD= M()N_P ;> M()NNP ;D J9`CA>9D> ?9 JI@CD=; EA >;JT; <CD=>9D> E; ?9 =IJB;) "BD=B ?9

JI@CD=; >C>9?; EFAD =U=>YT; 9TCJ>B Z AD E;[JI E; ?BK;J>I @;A> a>J; ;G@JBTI ;D JI[BT; I>9K?B

@9J L

yn(t) =
a0
k

+
1

k

∞
∑

n=1

[
an2ξrn + bn(1− r2n)

(1− r2n)
2 + (2ξrn)2

sinnωt+
an(1− r2n)− bn2ξrn
(1− r2n)

2 + (2ξrn)2
cosnωt] M()NbP

19D= ?; <9= EFAD =U=>YT; DCD 9TCJ>BX ?9 JI@CD=; >C>9?; EFAD =U=>YT; Z AD E;[JI E; ?BK;J>I @;A>

a>J; ;G@JBTI; <CTT; =AB> L

y(t) =
a0
k

+
1

k

∞
∑

n=1

[
bn

1− r2n
sinnωt+

an
1− r2n

cosnωt] M()NcP
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 !!"#$%&#'( )*+

 9:;<=>?9:; @: ;A;BCDE FGH;;<I@E DH;;EJ?E;;9?BJHD9?B<;;E@? K<;I@E@LM ;9@D<; N GOHFB<9: =O@:E

P9?FE Q>?<9=<I@E R/<S@?E ()TUV)

1>BE?D<:E? GH ?>Q9:;E =@ ;A;BCDE x(t) E: ?>S<DE QE?DH:E:B)
,'"-&#'(

8H Q?ED<C?E >BHQE E;B =E =>BE?D<:E? GE; ;>?<E; =E /9@?<E? =E GH P9?FE F (t) E: @B<G<;H:B GE;
ELQ?E;;<9:; W R()XTY()XZV ) 8E; F9E[F<E:B; =E GH ;>?<E ;O9\B<E::E:B QH? GE; ELQ?E;;<9:; ;@<KH:BE; W

a0 = F0/2, an = 0 EB bn = −F0/(nπ) 8H ?>Q9:;E =@ ;A;BCDE HD9?B< E;B =9::>E =9:F QH?
GO>I@HB<9: R()X]V

x(t) =
F0

2k
− 1

k

∞
∑

n=1

[
F0/nπ

(1− r2n)
2 + (2ξrn)2

((1− r2n) sinnωt− (2ξr) cosnωt)]

HKEF W rn = nr1 9^ r1 = ω/ω0M ω0 =
√

k/m EB ω = 2π/T

 !" #$%&'('&)* '+(*,&')&+-

89?;I@O@: ;A;BCDE E;B ;9@D<; N @:E P9?FE :9:YQ>?<9=<I@EM GE ;A;BCDE K<\?E =E PH_9: B?H:;<B9<?E)

8E \@B =E FEBBE ;EFB<9: E;B =E =>BE?D<:E? GH ?>Q9:;E =O@: ;A;BCDE ;9@D<; N @:E ELF<BHB<9:

H?\<B?H<?E R;<:S@G<C?EV) #9@? FE PH<?EM :9@; HGG9:; @B<G<;E? GO<:B>S?HGE =E F9:K9G@B<9:) 8H P9:FB<9:

;<:S@G<C?E =E \H;E E;B GO>F`EG9: @:<BH<?E RDH?F`E =OE;FHG<E?V R/<S@?E ()TaV) 8E; H@B?E; ;O9\B<E::E:B

QH? =>?<KHB<9: 9@ <:B>S?HB<9:)

 !"#$% ()Ta J 8E; P9:FB<9:; ;<:S@G<C?E;

 !"!# $%&'()('*+ ,)- '.,/01'*+

./0(#&#'( 12 "3#4!-"5#'(

8O<DQ@G;<9: F̂ E;B =>b:< F9DDE >BH:B GO<:B>S?HGE =O@:E P9?FE QH? ?HQQ9?B H@ BEDQ; t QE:=H:B
;9: BEDQ; =OHQQG<FHB<9: (t2 − t1)M ;9<B W

F̂ =

∫ t2

t1

F (t)dt R()XcV

8H P9?FE F (t) E;B =<BE <DQ@G;<9::EGGE ;< EGGE H @:E B?C; S?H:=E HDQG<B@=E EB ;< ;9: BEDQ; =OHQY
QG<FHB<9: E;B B?C; F9@?B) 8H /<S@?E ()TX D9:B?E @:E P9?FE <DQ@G;<9::EGGE =OHDQG<B@=E F9:;BH:BE

F̂ /ǫ EB =E =@?>E =OHQQG<FHB<9: ǫ)

6.%!+ !%62 7+ /) +9@DE=<E:E d ") 4<G9@=<
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 !"#$% ()9: ; /<=>? @ABCDE@<FF?DD?

 !"#$%&'( #(&)*&+,

8<=EGC? DH IC=J? IKHBBD@>HL@<F ǫ L?FI M?=E 0N DKHABD@LCI? I? DH O<=>? L?FI M?=E DK@FPF@?) #H=
><FL=?N DK@ABCDE@<F F̂ I?A?C=? PF@?) 8<=EGC? F̂ ?EL JQHD? R DKCF@LJ ?L GC? DH IC=J? IKHBBD@>HL@<F

ǫ L?FI M?=E 0N DK@ABCDE@<F <SL?FC? ?EL I@L? @ABCDE@<F CF@LH@=?) 8H TPQC=? ()9UV A<FL=? CF?
@ABCDE@<F CF@LH@=? HC L?ABE t = t0)

 !"#$% ()9U ; $ABCDE@<F CF@LH@=?

4HLWJAHL@GC?A?FLN <F =?B=JE?FL? DK@ABCDE@<F CF@LH@=? BH= DH O<F>L@<F I? 1@=H> δ(t− t0) GC@ ?EL
IJPF@? ><AA? EC@L X

{

δ(t− t0) = 0 pour t 6= t0
δ(t− t0) =∞ pour t = t0

T()UYV

1?CZ B=<B=@JLJE AHLWJAHL@GC?E I? DH O<F>L@<F I? 1@=H> E<FL D?E EC@MHFL?E X

{ ∫∞
0
δ(t− t0)dt = 1 pour t < t0 <∞

∫∞
0
f(t)δ(t− t0)dt = f(t0) pour t < t0 <∞ T()U9V

-."'(%, &!"#$%&'((,$$,

8H =JB<FE? @ABCDE@<FF?DD? ?EL DH =JB<FE? IKCF E[EL\A? ?Z>@LJ BH= CF? @ABCDE@<F CF@LH@=?)  <FE@]

IJ=<FE D? E[EL\A? AHEE? =?EE<=L I? DH PQC=? ()9^)  ? I?=F@?= ?EL ?Z>@LJ BH= CF? @ABCDE@<F CF@LH@=?

HC L?ABE t = 0) #<C= JLCI@?= D?E I@_J=?FLE >HEN F<CE ><FE@IJ=<FE CF E[EL\A? AHEE? =?EE<=L ?Z>@LJ
BH= CF? O<=>? E@FQCD@\=? TPQC=? ()9^V) ,F >WHFQ? E?CD?A?FL D? L[B? I? DH O<=>? HBBD@GCJ?)

"PF I? IJL?=A@F?= DH =JB<FE? IC E[EL\A?N <F B?CL D? ><FE@IJ=?= ?F M@S=HL@<F D@S=? ?F >HD>C]

DHFL D?E ><FI@L@<FE @F@L@HD?E B=<IC@L?E BH= DK@ABCDE@<F CF@LH@=?) "@FE@ HC L?ABE t = 0− THMHFL
DK@ABCDE@<FVN F<CE HM<FE X

{

x(0−) = 0
ẋ(0−) = 0

T()U(V

6.%!+  !"# $%  ! "#$%&'(&)& * +! ,(-#$'(
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 !"#$% ()9: ; .<=>?@A @B==ACDA==ED> AFGH>I JBD KLA H@JKM=HEL KLH>BHDA

8NH@JKM=HEL B JEKD AOA> PA GQBLRAD MB GELPH>HEL PA SH>A==A AL GEL=ADSBL> MB JE=H>HEL LKMMA GA

TKH H@JMHTKA TKA x(0+) = 0 )
,L PEH> PELG GBMGKMAD MB GELPH>HEL HLH>HBMA PA SH>A==A TKA GDIA MNH@JKM=HEL ẋ(0+)) ,D =AMEL MB
PAKFH?@A MEH PA -AU>ELV MNH@JKM=HEL A=> IRBMA BK GQBLRA@AL> PA MB TKBL>H>I PA @EKSA@AL>V

=EH> W

∫ t2

t1

f(t)dt = mv2 −mv1 X()YZ[

"HL=HV PBL= MA GB= TKH LEK= HL>IDA==AV LEK= BSEL= W

F̂ = mẋ(0+)−mẋ(0−) = mẋ(0+) X()Y\[

-EK= BSEL= PELG @BHL>ALBL> KL =<=>?@A AL SH]DB>HEL MH]DA PEL> MA= GELPH>HEL= HLH>HBMA= =EL> MA=

=KHSBL>A= W

{

x0 = x(0+) = 0

ẋ0 = ẋ(0+) = F̂
m

X()Y^[

.AMEL MA GQBJH>DA 9V LEK= =BSEL= TKA MB =EMK>HEL PNKLA ITKB>HEL PHOIDAL>HAMMA PK @EKSA@AL> AL

SH]DB>HEL MH]DA A=> PELLIA GE@@A =KH> X9)(^[ W

x(t) =
ẋ0
ω0

sinω0t+ x(0) cosω0t

BSAG MA= GELPH>HEL= HLH>HBMA= X()Y^[V EL E]>HAL> PELG W

x(t) =
F̂

mω0

sinω0t X()Y_[

8B DIJEL=A H@JKM=HELLAMMA PK =<=>?@A @B==ACDA==ED> A=> >DEKSIA AL K>HMH=BL> KLA H@JKM=HEL

KLH>BHDA F̂ = 1) ,L MB PILE>A BMED= h(t) W

h(t) = 1
mω0

sinω0t X()YY[

" JBD>HD PA MB DIJEL=A H@JKM=HELLAMMA PNKL =<=>?@AV EL JAK> PELG PI>AD@HLAD MB DIJEL=A ` KLA

H@JKM=HEL LELCKLH>BHDA BSAG MB DAMB>HEL =KHSBL>A W

x(t) = F̂ h(t) X()Y:[

"SAG MA @a@A JDHLGHJA PA DI=EMK>HEL TKA JDIGIPA@@AL>V EL JAK> >DEKSAD MB DIJEL=A H@JKM=HELC

LAMMA PNKL =<=>?@A @B==ACDA==ED>CB@ED>H==AKD GE@@A =KH> W

h(t) = 1
mωa

e−ξω0t sinωat X()Yb[

>AM TKA ωa A=> MB JKM=B>HEL B@ED>HA) ,L GEL=>B>A PELG TKA MB DIJEL=A H@JKM=HELLAMMA A=> JDEJDA

BK =<=>?@A I>KPHI)

6.%!+  !"# $% /) +EK@APHALA c ") 4HMEKPH
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 !"! #$%&'('&)* +,-.%)*+,-

 9::;<==;:> ?; @AB9:=C <DBE?=<9::C??C FGE: =H=>IDCJ 9: BCE> FA>C@D<:C@ =; @AB9:=C B9E@ E:C

CKL<>;><9: MEC?L9:MEC) 8G<FAC L9:=<=>C N FAL9DB9=C@ ?GCKL<>;><9: MEC?L9:MEC f(t) C: E:C =A@<C
FG<DBE?=<9:= >C??C= MEG<??E=>@AC= N ?; OPE@C ()QR)

 !"#$% ()QR S &CB@A=C:>;><9: FGE:C T9@LC MEC?L9:MEC B;@ E:C =A@<C FG<DBE?=<9:=

#;@ =EBC@B9=<><9: ?<:A;<@CJ ?; @AB9:=C FE =H=>IDC =C@; ?; =9DDC FC= @AB9:=C= FC LU;LE:C FC=

<DBE?=<9:=)

 9:=<FA@9:= ?; T9@LC MEC?L9:MEC f(t) <??E=>@AC N ?; OPE@C ()QR)  C??CVL< C=> FAL9DB9=AC C: E:C
=A@<C FG<DBE?=<9:=)  9:=<FA@9:= D;<:>C:;:> E:C =CE?C FC LC= <DBE?=<9:=J =9<> ?; <IDC WLC??CVL<

C=> U;LUE@ACX)  C>>C <DBE?=<9: C=> ;BB?<MEAC ;E >CDB= τi C> FGE:C FE@AC ∆τ ) 8; @AB9:=C FC
LC>>C <DBE?=<9: x̂i(t) C=> FA>C@D<:AC N B;@><@ FC ?; @AB9:=C <DBE?=<9::C??C E:<>;<@C ;E >CDB= τiJ
=9<> Y

x̂i(t) = f(τi)∆τh(t− τi) W()Z[X

': =EBC@B9=;:> ?; @AB9:=C FC LU;MEC <DBE?=<9:J 9: 9\><C:> ?; @AB9:=C FC ?GCKL<>;><9: MEC?V

L9:MECJ =9<> Y

x(t) =
n

∑

i=1

f(τi)∆τh(t− τi) W()ZQX

89@=MEC ∆τ >C:F ]C@= 0J 9: 9\><C:> ?; T9@DC <:>AP@;?C FC LC>>C AME;><9:J =9<> Y

x(t) =

∫ t

0

f(τ)h(t− τ)dτ W()Z(X

 C>>C <:>AP@;?C C=> ;BBC?AC <:>AP@;?C FC L9:]9?E><9: 9E <:>AP@;?C FC 1EU;DC?) -9>9:= MEC LC>>C

=9?E><9: =EBB9=C MEC ?C =H=>IDC C=> ;E @CB9= ;E >CDB= <:<><;?J LGC=> N F<@C Y x0 = 0 C> ẋ0 = 0 )

 !"!/ 0)1%- 21,'(.- 34,*- 3,15- &..&6&'5- 7 8*'591(.- 3- %)*:).,'&)*

.9<> E:C LU;@PC \@E>;?C F0 ;BB?<MEAC N E: =H=>IDC D;==CV@C==9@> B9E@ E:C FE@AC <??<D<>AC)

1A>C@D<:9:= ;?9@=J ?; @AB9:=C FE =H=>IDC x(t)) 4;>UAD;><MECDC:>J ?; LU;@PC C=> @CB@A=C:>AC
B;@ Y

f(t) =

{

0 si t < 0
F0 si t > 0

W()Z^X

"]CL ?G<:>AP@;?C FC L9:]9?E><9: W()Z(XJ 9: BCE> T9@DE?C@ ?; @AB9:=C FE =H=>IDC B;@ Y

x(t) =

∫ t

0

f(τ)h(t− τ)dτ

9_ h(t− τ) C=> ?; @AB9:=C <DBE?=<9::C??C FE =H=>IDC)
1;:= LC L;=J ?C =H=>IDC C=> :9: ;D9@>< C> ?; @AB9:=C <DBE?=<9::C??C C=> F9::AC B;@ Y

h(t− τ) =
1

mω0

sin(ω0(t− τ)) W()Z`X

6.%!+  !"# $% /) +9EDCF<C:C a ") 4<?9EF<
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'9 :;<=>9?9@ ABC @D;>C EFG?@>;9C HDE:EIB9@BCJ ;9 ;=@>B9@ K

x(t) =

∫ t

0

F0
1

mω0

sin(ω0(t− τ))dτ

IL;M K

x(t) =
F0

k
(1− cos(ω0t)) N()OPQ

 !"!# $%&'( )&*+,-( ./*0( .*&1( -232+1(

.;>@ G9B :R?DSB =DG@?AB (F0) ?HHA>FGEB CGD G9 CTC@U<B <?CCBVDBCC;D@ H;GD G9B IGDEB A><>@EB
N/>SGDB ()(WQ) 1E@BD<>9;9C ?A;DCJ A? DEH;9CB IG CTC@U<B x(t))

 !"#$% ()(W X /;D:B =DG@?AB ILG9B IGDEB A><>@EB

4?@RE<?@>FGB<B9@J A? :R?DSB BC@ DBHDECB9@EB H?D K

f(t) =

{

F0 si 0 ≤ t ≤ t1
0 autrement

N()OYQ

"ZB: AL>9@ESD?AB IB :;9Z;AG@>;9 N()O(QJ ;9 HBG@ [;D<GABD A? DEH;9CB IG CTC@U<B H?D K

x(t) =

∫ t

0

f(τ)h(t− τ)dτ

#G>CFGB f(t) BC@ I>C:;9@>9GBJ ;9 I;>@ I>Z>CBD AB HD;=AU<B B9 IBG\ H?D@>BC) ,9 DEC;G@ IL?=;DI
H;GD 0 ≤ t ≤ t1 B@ B9CG>@B H;GD t > t1 )
8;DCFGB 0 ≤ t ≤ t1J ALEFG?@>;9 N()O(Q IBZ>B9@ K

x(t) =

∫ t

0

F0h(t− τ)dτ

1?9C :B :?CJ A? DEH;9CB BC@ I;99EB H?D A? CGHBDH;C>@>;9 IBC ><HGAC>;9C ?T?9@ A>BG B9@DB 0 B@ t)
 B@@B C>@G?@>;9 DBZ>B9@ ] ALB\B<HAB HDE:EIB9@ B@ ?>9C>J A? DEH;9CB BC@ I;99EB H?D N()OPQ K

x(t) =
F0

k
(1− cos(ω0t))

8;DCFGB t > t1J ALEFG?@>;9 N()O(Q IBZ>B9@ K

x(t) =

∫ t1

0

F0h(t− τ)dτ +

∫ t

t1

0h(t− τ)dτ

1?9C :B :?CJ A? DEH;9CB BC@ I;99EB H?D A? CGHBDH;C>@>;9 IBC ><HGAC>;9C B9@DB 0 B@ t1 G9>FGB<B9@
HG>CFGL>A 9LT ? H?C IL><HGAC>;9 ?HDUC t1) 8? DEC;AG@>;9 IB AL>9@ESD?AB I;99B ?A;DC K

x(t) =
F0

k
(cos(ω0(t− t1))− cos(ω0t)) N()O^Q

69B <E@R;IB ?A@BD9?@>ZB IB DEC;AG@>;9 BC@ A? CG>Z?9@B K ,9 HBG@ IL?=;DI IE:;<H;CBD A? [;D:B

ILB\:>@?@>;9 IB IGDEB A><>@EB B9 IBG\ [;D:BC ILB\:>@?@>;9 IB IGDEB >AA><>@EB N/>SGDB ()(_ Q)

6.%!+  !"# $% /) +;G<BI>B9B ` ") 4>A;GI>
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 !"#$% ()(9 : 1;<=>?=@ABA=C DE FG H=I<E JIKBGFE

 =CCGA@@GCB FG I;?=C@E DK @L@BM>E N KCE H=I<E DOEP<ABGBA=C DE DKI;E AFFA>AB;E x1(t) EB x2(t)Q =C
?EKB HG<AFE>ECBQ ?GI @K?EI?=@ABA=C FAC;GAIEQ BI=KREI FG I;?=C@E B=BGFE x(t) @=AB S

x(t) = x1(t) + x2(t)

x(t) =
F0

k
(1− cos(ω0t))−

F0

k
(1− cos(ω0(t− t1)))

x(t) =
F0

k
(cos(ω0(t− t1))− cos(ω0t))

 !" #$%&'())*$*+' ,- './* 0%-1%$2

8OG>=IBA@@E>ECB I;@KFBGCB DE HI=BBE>ECB@ @E<@ E@B G??EF; G>=IBA@@E>ECB DE  =KF=>J) #=KI <E

BL?E DOG>=IBA@@E>ECBQ FG H=I<E DOG>=IBA@@E>ECB DE>EKIE <=C@BGCBE EB EFFE E@B ;TGFE GK ?I=DKAB

DE FG H=I<E N C=I>GFE GK ?FGC DE <=CBG<B ?GI FE <=EU<AECB DE HI=BBE>ECB µ V%GJFE ()9WQ <E XKA
C=K@ D=CCE S

F = ±µN V()YYW

8G H=I<E DE HIA<BA=C F IE?I;@ECBGCB FG H=I<E DOG>=IBA@@E>ECBQ GTAB DGC@ FE @EC@ =??=@; N FG

RABE@@E)

&'()% ()9 : *GFEKI@ BL?AXKE@ DE@ <=EU<AECB@ DE HIA<BA=

%L?E DE <=CBG<B µ
4;BGF @KI >;BGF FKJIAZ; 0.07

+=A@ @KI J=A@ 0.2
4;BGF @KI >;BGF C=C FKJIAZ; 0.3

 G=KB<[=K< @KI G<AEI 1

6.%!+  !"# $% /) +=K>EDAECE \ ") 4AF=KDA
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 9:;<=>?9:; =9:@ A: ;B;CDEF EG;;FH?F;;9?C I/<JA?F ()((K =9:C LF @9FM@<F:C =F N?9CCFEF:C

=B:GE<OAF F;C >JGL P µ)

 !"#$% ()(( H .B;CDEF EG;;F H ?F;;9?C GQF@ GE9?C<;;FEF:C =A CBRF  9AL9ES

 9EEF LF ;F:; =F LG N9?@F =F N?9CCFEF:C ;T9RR9;F C9AU9A?; P @FLA< =F LG Q<CF;;F IF: 9RR9;<C<9:

=F RVG;FKW :9A; :F R9AQ9:; RG; ?FR?>;F:CF? A: ;FAL =<GJ?GEEF =A @9?R; L<S?F R9A? =>CF?E<:F?

LT>OAGC<9: =<X>?F:C<FLLF =A E9AQFEF:C @9EEF R9A? LF ;B;CDEF P GE9?C<;;FEF:C Q<;OAFAY) "Z:

=F =>CF?E<:F? LT>OAGC<9: =F E9AQFEF:CW :9A; AC<L<;9:; =FAY =<GJ?GEEF; =F @9?R; L<S?F;W A:

R9A? LF E9AQFEF:C QF?; LG JGA@VF I/<JA?F ()([GK FC A: GAC?F R9A? LF E9AQFEF:C QF?; LG =?9<CF

I/<JA?F ()([SKW RF:=G:C A: =FE< @B@LF)

IGK 49AQFEF:C QF?; LG JGA@VF ISK 49AQFEF:C QF?; LG =?9<CF)

 !"#$% ()([ H 49AQFEF:C =F LG EG;;F \ GE9?C<;;FEF:C =A CBRF  9AL9ES

'@?<Q9:; LF; >OAGC<9:; =F E9AQFEF:C; =G:; LF; =FAY @G; ]

49AQFEF:C QF?; LG JGA@VF ] mẍ = −kx+ F
=T9^ 9: G ]

ẍ+ ω2
0x = F/m

GQF@ ω2
0 = k/m

49AQFEF:C QF?; LG =?9<CF ] mẍ = −kx− F
=T9^ 9: G ]

ẍ+ ω2
0x = −F/m

8T>OAGC<9: J>:>?GLF RFAC _C?F >@?<CF GL9?; ;9A; LG N9?EF ]

ẍ+ ω2
0x = −(F/m)sgn(ẋ) I()`aK

GQF@ sgn(ẋ) F;C LF ;<J:F =F ẋ =9::> RG?

sgn(ẋ) =
ẋ

|ẋ| =
{

1 si ẋ > 0
−1 si ẋ < 0

I()abK

8G ;9LAC<9: V9E9JD:F IC?G:;<C9<?FK =F LT>OAGC<9: I()`aK F;C =9::>F RG? ]

xh(t) = A sinω0t+B cosω0t

FC LG ;9LAC<9: RG?C<@AL<D?F IRF?EG:F:CFK F;C =9::>F RG? I@N) >OAGC<9: I()`cKK ]

xp(t) = −
1

ω2
0

F

m
sgn(ẋ) = −F

k
sgn(ẋ)

6.%!+  !"# $% /) +9AEF=<F:F d ") 4<L9A=<
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89 :;<=>?;@ AB@BC9<D ED <FBG=9>?;@ H()IJK D:> <9 :;LLD ED: ED=M :;<=>?;@: N;L;AO@D D> P9C>?Q

R=<?OCD S

x(t) = A sinω0t+B cosω0t−
F

k
sgn(ẋ) H()JTK

9UDR A D> B :;@> ED: R;@:>9@>D: 9CV?>C9?CD: EB>DCL?@BD: P9C <D: R;@E?>?;@: ?@?>?9<D:)

.? <D: R;@E?>?;@: ?@?>?9<D: :;@> E;@@BD: P9C x(0) = x0 D> x(0) = 0W <FBG=9>?;@ H()JTK EDU?D@> S

x(t) = (x0 +
F

k
sgn(ẋ)) cosω0t−

F

k
sgn(ẋ) H()J(K

P;=C <D PCDL?DC EDL?QRXR<D ω0t = π W <D EBP<9RDLD@> D:> E;@@B P9C S

x(t) = −x0 −
2F

k
sgn(ẋ) H()JYK

#;=C <D L;=UDLD@> UDC: <9 A9=RNDW sgn(ẋ) = −1 D> D@ Z@ E= EDL? RXR<D ;@ 9 S x = −(x0−∆x)
D@ CDLP<9[9@> E9@: <FBG=9>?;@ H()JYKW ?< U?D@> S

−(x0 −∆x) = −x0 +
2F

k

EF;\ ;@ >?CD S

∆x =
2F

k
H()J]K

 ;LLD <F9^9?V<?::DLD@> EF9LP<?>=ED ∆x PD@E9@> =@ EDL?QRXR<D D:> ?@EBPD@E9@> E= EBP<9RDQ
LD@>W @;=: R;@R<=;@: G=D <F9^9?V<?::DLD@> D:> <D L_LD P;=C RN9G=D EDL?QRXR<D H/?A=CD ()(]K)

"?@:? <F9^9?V<?::DLD@> ED <F9LP<?>=ED P;=C =@ RXR<D R;LP<D> D:> S

∆xcycle =
4F

k
H()J`K

 !"#$% ()(] a *?VC9>?;@: <?VCD: 9UDR 9L;C>?::DLD@> E= >XPD  ;=<;LV

6.%!+  !"# $% /) +;=LDE?D@D b ") 4?<;=E?
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69: ;<=>?9: @: ;<AA: BCB<D: EF<D: G 45kg :AB ;C9BE: AHI JH<BI: I:AACIBA K<I<DDLD:A @: I<?@:HI
=><=H9 EF<D: G 2.105N/m) '9 IEF?;: EB<MD?N DO<;KD?BH@: ?9AB<9B<9E: ;:AHIE: :AB @: 1.5mm
KCHI H9: PIEJH:9=: @: PC9=B?C99:;:9B @: 32Hz)
QH:DD: :AB DO<;KD?BH@: @: DO:R=?B<B?C9 <F?AA<9B AHI D< ;<=>?9: G =:BB: S?B:AA: T

 !"#$%$" '

.C?B H9 AUABL;: S?MI<BC?I: @C9B DOEJH<B?C9 @?VEI:9B?:DD: :AB @C99E: K<I W

ÿ + 2ξω0ẏ + ω2
0y = F (t)/m

CX F (t) :AB KEI?C@?JH: YZFHI: ()([\)

 !"#$% ()([ ] D: A?F9<D @: D< PCI=: <KKD?JHE:

1EB:I;?9:I D< IEKC9A: @: =: AUABL;: :9 KI:9<9B :9 =C;KB: ^HAJHOG DO><I;C9?JH: @OCI@I: _)

#CHI DO><I;C9?JH: @OCI@I: _N 9CHA AHKKCAC9A JH: DO<;CIB?AA:;:9B :AB P<?MD: (ξ = 0)

 !"#$%$" (

69: ;<=>?9: @: 20kgN ;C9BE: AHI ` AHKKCIBA S?A=CED<AB?JH:AN :AB :R=?BE: K<I H9: PCI=: ><I;Ca
9?JH:) "H I:KCAN D< @Eb:R?C9 AB<B?JH: :AB @: 2.485mm) ,9 =C9AB<B: JHOG A< S?B:AA: @: ICB<B?C9
@: 1800tr/mnN DO<;KD?BH@: @:A S?MI<B?C9A :AB @: 1mm) 8CIA @OH9: ;:AHI: @: DO<;KD?BH@: @: D<
IEKC9A: S?MI<BC?I: @<9A D: @C;<?9: @:A PIEJH:9=:A IE<D?AE: K<I H9 @E;<II<F: @: ;CB:HI ^HAJHOG

H9: S?B:AA: ED:SE:N C9 =C9AB<B: JH: DO<;KD?BH@: ;<R?;<D: :AB @: 10mm) '9 KCA<9B K<I >UKCa
B>LA: D: P<?B JH: D: AUABL;: < H9 A:HD @:FIE @: D?M:IBE W

ca  <D=HD:d D: B<HR @O<;CIB?AA:;:9B ξ(%))
(a %ICHS:d D:A S<D:HIA @: D< I?F?@?BE k(N/m) :B @: DO<;CIB?AA:;:9B c(N.s/m) @: =><JH: AHKKCIB
S?A=CED<AB?JH:)

_a  <D=HD:d DO<;KD?BH@: @: D< PCI=: @O:R=?B<B?C9)

 !"#$%$" )

69: ;<=>?9: @: 100kg :AB ACHB:9H: K<I @:A ?ACD<B:HIA @C9B D< I?F?@?BE EJH?S<D:9B: :AB @:
40000N/m :B DO<;CIB?AA:;:9B @: 800N.s/m) D< ;<=>?9: :AB :R=?BE: K<I H9: PCI=: @: 80N G

D< PIEJH:9=: @: 3Hz)

6.%!+  !"# $% /) +CH;:@?:9: e ") 4?DCH@?
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9)  :;<=;>? ;@:AB;CD=E> E> ;@:<<F;FG:DCHI JCKG:DHCG> L=> M=KCD ;: A:<NCI> >I GFOCA> B>GA:P

I>IDQ

()  :;<=;>? ;: BN:M> R>I E>OGFMS >IDG> ;> EFB;:<>A>ID E> ;: A:<NCI> >D ;: THG<> E@>U<CD:DCHI)

 !"#$%$" &

6I <HABG>MM>=G B>M:ID 1000kgQ DH=GI:ID V 1800tr/mnQ >MD CIMD:;;F ECG><D>A>ID M=G ;> MH;) ,I
<HIMD:D> L=> ;>M JCKG:DCHIM E= <HABG>MM>=G MHID DGHB CABHGD:ID>M) 8: GCOCECDF E= MH; : FDF FJ:;=F>

V >IJCGHI 8106N/m >D MHI G:BBHGD E@:AHGDCMM>A>ID V 10%) "WI E> GFE=CG> ;>M JCKG:DCHIMQ HI
M> BGHBHM> E@CIMD:;;>G ;> <HABG>MM>=G M=G =I K;H< E> KFDHI D>; L=@C;;=MDGF V ;: WO=G> ()(X)

 :;<=;>? ;: A:MM> E= KFDHI M V BGFJHCG :WI L=> ;@:AB;CD=E> E>M JCKG:DCHIM E= <HABG>MM>=G

MHCD GFE=CD> E> 75%)

 !"#$% ()(X Y CIMD:;;:DCHI E= <HABG>MM>=G

 !"#$%$" '

 ! "#$%&'( )*+"!,%*"( -./&( 0!''( %'1*22!&,( -( 1kg (& !1*(" -!&' 2! -*"(1,*%& 3%"*4%&,!2(

'%/0*'( 5 2! 6"*1,*%& '/" /& $2!& -.!1*(" 2/+"*7# (', -( 30mm !/ ,(0$' *&*,*!2 (, -( 3.5mm (&

$%'*,*%& 7&!2( !$"8' 9/!,"( 1:12(' -.%'1*22!,*%& 9/* -/"(&, 1seconde; <!21/2(4 2( 1%(=1*(&, -(
6"*1,*%&;

 !"#$%$" &

>& ':',80( 5 1ddl '( 1%0$%'( -./&( 0!''( -( 20kg !,,!13#( 5 /& "(''%", -( 4000N/m; ?&
)*+"!,*%& 2*+"( '/" /& $2!& 3%"*4%&,!2@ %& 1%&',!,( 9/( 2(' !0$2*,/-(' '/11(''*)(' 5 13!1/& -('

1:12(' '%&, -( 50, 45, 40, 35mm@ (,1; <!21/2(" 2! 6%"1( -.!0%",*''(0(&,;

 !"#$%$" '

>&( 0!''( -( 20kg %'1*22( '/" /&( '/"6!1( '813( 5 1!/'( -( 2.!1,*%& -./& "(''%", -( 10N/m;
2.!0$2*,/-( *&*,*!2( (', -( 150mm; A$"8' 9/!,"( 1:12('@ 2.!0$2*,/-( (', -( 100mm;

B; C,!+2*''(4 2! -/"#( -( 1(' 9/!,"( 1:12('@

D; E"%/)(4 2( 1%(=1*(&, -( 6"*1,*%& (&,"( 2(' -(/F '/"6!1(';

 !"#$%$" (

>&( $%/,"( (&1!',"#( -%&, 2! "*G*-*,# (& H(F*%& (', #G!2( 5 200N/m (, -%&, 2! 0!''( (',

&#G2*G(!+2(@ '%/,*(&, 5 '%& (F,"#0*,# /&( 0!''( -( 2kg; I& -%&&( 5 2! 0!''( /& -#$2!1(0(&,
*&*,*!2 -( 30mm (, %& 2! "(2J13(; A$"8' 100cycles@ 2.!0$2*,/-( (', -( 20mm; E"%/)(4 2( 6!1,(/"
-( $(",( -( 2! $%/,"(;

>KELM  !"# $$ N; M%/0(-*(&( O A; P*2%/-*
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69 :;99<;= >;?@ A< BCD:CE?@<E F<9>CFBGE A< HIF<E <E@ DCAGJ?EG BCDD< EKE@LD< M 1ddl ;N<B =9<
D;EE< A< 1kg <@ =9< F;?A<=F A< 2N/m) J< F;::CF@ A< A<=O ;D:J?@=A<E E=BB<EE?N<EP F<J<NG<E E=F
1cycle <9 N?IF;@?C9 J?IF< <E@ GQ;J M 1.1) %FC=N<R S

T 8< >;B@<=F A< :<F@<P

T 8; BC9E@;9@< AU;DCF@?EE<D<9@ N?EV=<=O GV=?N;J<9@ E? J< EKE@LD< <E@ <OB?@G M E; :=JE;@?C9

9;@=F<JJ<P

T 8UG9<FQ?< :<FA=< JCFE AU=9 BKBJ< E? JU;D:J?@=A< <E@ A< 10mm)

 !"#$%$" &&

,9 AC?@ :FCBGA<F M JU?9E@;JJ;@?C9 AU=9< D;BW?9< A< 960kg E=F =9< A;JJ< A< IG@C9 V=? N?IF< A<
>;XC9 BC9@?9=< ;N<B A<E BCD:CE;9@<E W;FDC9?V=<E :FGACD?9;9@<E M 28.9HzP 33.8Hz <@ 39.1Hz)
8<E 9?N<;=O A< N?@<EE< M B<E >FGV=<9B<E EC9@ F<E:<B@?N<D<9@ A< 12.36cm/sP 9.16cm/s <@ A<
27.86cm/s) ,9 N<=@ :FC@GQ<F J; D;BW?9< <9 J; DC9@;9@ E=F Y E=::CF@E <9 9GC:FL9< AC9@ J< >;BZ
@<=F A< :<F@< <E@ A< 0.21) .;BW;9@ V=< JU;BBGJGF;@?C9 D;O?D;J< A< J; D;BW?9< AC?@ [@F< ?9>GF?<=F<
M 4.5m/s2 M JU=9< C= JU;=@F< A< B<E >FGV=<9B<EP AG@<FD?9<R J; F?Q?A?@G BW;V=< E=E:<9E?C9)

 !"#$%$" &(

.C?@ =9 DC@<=F A< 3kgP @C=F9;9@ M 5000tr/mnP DC9@G E=F =9 BW\EE?E AUCFA?9;@<=F :;F JU?9Z
@<FDGA?;?F< AU=9 E=::CF@ ;9@?ZN?IF;@?J< <@ AC@G AU=9< F?Q?A?@G <@ AU=9 ;DCF@?EE<D<9@) /;?@<E J;

BC9B<:@?C9 A= E=::CF@ ;H9 AUCI@<9?F =9< FGA=B@?C9 D?9?D;J< A< 80% A<E >CFB<E @F;9ED?E<E ;=

BW\EE?EP <9 BC9E?AGF;9@ S

]) V=UC9 :<=@ 9GQJ?Q<F JU;DCF@?EE<D<9@ ^J< EKE@LD< 9U<E@ :;E EC=D?E ;=O BWCBE_

() =9 @;=O AU;DCF@?EE<D<9@ A< 20% <E@ ?9A?E:<9E;IJ<P <9 B;E A< BWCBE)

 !"#$%$" &)

69 BW;=`<=F A< B;D?C9 :<E;9@ 80kg <E@ ;EE?E E=F =9 E?LQ< AC9@ J< :C?AE <E@ A< 20kg) 8;
E=E:<9E?C9 ; =9< F?Q?A?@G A< 10000N/m <@ =9 ;DCF@?EE<D<9@ A< 500Ns/m) =9< D<E=F< A<
:J;9BW<F FGNLJ< V=< B<J=?ZB? N?IF< ;N<B =9< ;D:J?@=A< A< 1mm <@ =9< :=JE;@?C9 A< 25rd/s)

]) B;JB=J<R J; AGa<B@?C9 E@;@?V=< A= E?LQ<P

() B;JB=J<R JU;D:J?@=A< A< JU;BBGJGF;@?C9 V=< E=I?@ J< BW;=`<=FP

b) B;JB=J<R J; >CFB< @F;9ED?E< ;= BW;=`<=F)

 !"#$%$" &*

69 BCD:F<EE<=F A< D;EE< M = 500kg @C=F9< M =9< >FGV=<9B< f = 20Hz) ,9 :<=@ ;EE?D?J<F
J< I;JC=FA M =9< D;EE< m = 10kg E?@=G< M =9< A?E@;9B< e = 100mm A< JU;O< A= EKE@LD<) 8<

>;B@<=F AU;DCF@?EE<D<9@ A< J; E=E:<9E?C9 <E@ ξ = 0.10)

]) c=<JJ< AC?@ [@F< J; F?Q?A?@G A<E F<EECF@E A< JU?ECJ;@?C9 :C=F V=U?J 9UK ;?@ V=< 10% A< J;

>CFB< AU<OB?@;@?C9 <E@ @F;9ED?E< M J; >C9A;@?C9 d

() c=<JJ< <E@ JU;D:J?@=A< A< J; >CFB< @F;9ED?E< d
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69: ;<=>?9: <@A:B9<A?C: D: ;<EE: 10000kg FBGDH?A D:E IGB=:E ><B;G9?JH:E C:BA?=<@:E DKH9:
<;F@?AHD: D: 2500N L @< IBMJH:9=: D: IG9=A?G99:;:9A D: 40Hz) "N9 D: @?;?A:B @:E C?OB<A?G9E
?9DH?A:E D<9E @: OPA?;:9A GQ =:AA: ;<=>?9: DG?A RAB: ?9EA<@@M:S G9 FBMCG?A D: @< FGE:B EHB JH<AB:

B:EEGBAE T H9 :9 =><JH: =G?9 D: E< O<E: B:=A<9UH@<?B:) ,9 C:HA DMA:B;?9:B @< B?U?D?AM D:E B:EEGBAE

9M=:EE<?B:E FGHB @?;?A:B L 400N @< IGB=: ><B;G9?JH: AGA<@: AB<9E;?E: <H OPA?;:9A) '9 DMDH?B:

@< VW=>: EA<A?JH: FBGCGJHM: F<B @: FG?DE D: @< ;<=>?9:)

 !"#$%$" &(

4<A>M;<A?JH:;:9AS @< =><BU: EGHE IGB;: DKH9: IG9=A?G9 B<;F: :EA B:FBME:9AM: F<B X/?UHB:

()(YZ TF (t) = a.t.u(t) = δF t
,Q u(t) :EA @< IG9=A?G9 M=>:@G9 :A δF :EA @< F:9A:) 1G99:B @< EG@HA?G9 x(t)S :9 HA?@?E<9A @K?9AMUB<@:
D: =G9CG@HA?G9 FGHB H9 E[EAW;: 9G9 <;GBA? :A H9 E[EAW;: <;GBA?:)

 !"#$% ()(Y \ /G9=A?G9 B<;F:

 !"#$%$" &)

1MA:B;?9:B @< BMFG9E: DKH9 GE=?@@<A:HB =G9E:BC<A?I D: FH@E<A?G9 FBGFB: ω0 EGH;?E L H9: ?;FH@E?G9

D: IGB;: E?9HEG]D<@: D: DHBM: T :A DK<;F@?AHD: ;<^?;<@: F X/?UHB: ()(_Z) 1M;G9AB:B JH:S FGHB
H9 A:;FE t EHFMB?:HB L T S @< BMFG9E: :EA H9: IG9=A?G9 ><B;G9?JH: D: FH@E<A?G9 ω0) 1G99:B @<

C<@:HB DH B:A<BD) $9D?=<A?G9 T sinα + sin β = 2 sin α+β
2

cos α−β
2

 !"#$% ()(_ \ /G9=A?G9 E?9HEG]D<@:
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 !"#$%&' (

)*+%,-'+ . / 0'1&2+ 0' 3$4'&%2

 !" #$%&'()*%+'$

 ! "#$$#%! & '()*+,! ,!$ $-$*./!$ & n ,!%0)$ ,! '12!0*) (n > 1)3 "!0/!* ,! 45/"')*!0 '(#6#'-$!
,!$ "7)65/.6!$ 52$!08)$ "5+0 +6 ,!%0) ,! '12!0*)3 !* /!**0! !6 "'#4!3 $+0 ,!$ !9!/"'!$ $1/"'!$3

'!$ /)*75,!$ ,! 4#'4+' +*1'1$)!$ "5+0 '!$ $-$*./!$ & "'+$ ,! ,!+9 ,!%0)$ ,! '12!0*):

;1!6 <+! '!$ $-$*./!$ & ,!+9 ,!%0)$ ,! '12!0*) =#$$!6* "#0*1! ,!$ $-$*./!$ & n ,!%0)$ ,! '12!0*)3
4!+9>41 $56* *0#1*)$ & "#0*: ?6 !@!*3 '!+0 "!*1*! *#1''! =#41'1*! '!$ 4#'4+'$ #6#'-*1<+!$ !* '# 65*#*156

/#*0141!''! 6(!$* "#$ 6)4!$$#10!: A!"!6,#6* "5+0 '# "0)"#0#*156 ,!$ $-$*./!$ & n ,!%0)$ ,!

'12!0*)3 '# 65*#*156 /#*0141!''! !$* 16*05,+1*! 45//! +6! /)*75,! #'*!06#*18! "5+0 !9"01/!0

'!$ )<+#*156$ ,! /5+8!/!6*$: B#0 #1''!+0$3 '!$ $-$*./!$ & ,!+9 ,!%0)$ ,! '12!0*) =#41'1*!6* '#

45/"0)7!6$156 ,!$ /)*75,!$ "'+$ %)6)0#'!$ !* "!0/!**!6* ,(!9"'1<+!0 ,!$ #""'14#*156$ +*1'!$

*!''!$ <+! '()*5+@!+0 ,! 8120#*156$ !* '# C9#*156 ,!$ $-$*./!$:

 !, -.)/%+'$0 12$2&/340 (40 050%6740 $'$ /7'&%+0

D51* +6 $-$*./! & ,!+9 ,!%0)$ ,! '12!0*) 456$*1*+) "#0 ,!+9 /#$$!$ m1 !* m2 $5+/1$!$ 0!$>

"!4*18!/!6* & ,!$ =504!$ F1(t) !* F2(t):  !$ /#$$!$ $56* '1)!$ !6*0! !''!$ !* #8!4 '! $5' "#0
,!$ 0!$$50*$ 45//! 1''+$*0) ,#6$ '# C%+0! E:F:  ()6!0%1! 416)*1<+! !* '()6!0%1! "5*!6*1!''! $56*

,566)!$ 45//! $+1* G

T =
1

2
m1ẋ

2
1 +

1

2
m2ẋ

2
2

U =
1

2
k1x

2
1 +

1

2
kc(x1 − x2)

2 +
1

2
k2x

2
2

 !"#$% E:F H D-$*./! & ,!+9 ,!%0)$ ,! '12!0*)

I""'1<+56$ #+ $-$*./! '!$ )<+#*156$ ,!  #%0#6%!3 65+$ 52*!656$ '! $-$*./! ,()<+#*156$ 0)%1$>

$#6* '! /5+8!/!6* 45//! $+1* G

{

m1ẍ1 + (k1 + kc)x1 − kcx2 = F1(t)
m2ẍ2 + (k2 + kc)x2 − kcx1 = F2(t)

JE:FK

LM
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 5678 9: 7;78<=6 >6 >69? @A9B8CD:7 >CE@F6:8C6GG67 GC:@BCF67 >6 76HD:> DF>F6 HD9IG@67 IBF GB

IF@76:H6 >6 kc) ': :D8B8CD: =B8FCHC6GG6J G6 7;78<=6 K()LM 75@HFC8 N

[

m1 0
0 m2

]{

ẍ1
ẍ2

}

+

[

k1 + kc −kc
−kc k2 + kc

]{

x1
x2

}

=

{

F1(t)
F2(t)

}

K()OM

35@A9B8CD: K()O M 678 7D97 GB PDF=6 N

MẌ +KX = F K()(M

86G A96 N M =

[

m1 0
0 m2

]

68 K =

[

k1 + kc −kc
−kc k2 + kc

]

M 68 K 7D:8 F67I6H8CQ6=6:8 GB =B8FCH6 >6 =B776 68 GB =B8FCH6 >6 FBC>69F) %D98 7;78<=6 R

n ddl :D: B=DF8C I698 S8F6 @HFC8 7D97 GB PDF=6 K()(M 86G A96 G67 =B8FCH67 68 G67 Q6H869F7 7D:8 >6
>C=6:7CD: n)

 !!"#$%&#'( )*+

#BF G67 @A9B8CD:7 >6 3BTFB:T6J @8BUGCF G67 @A9B8CD:7 >6 =D9Q6=6:87 >6 GB ID98F6 ABJ >6 =B776
m 68 >6 GD:T969F LJ BF8CH9G@6 68 797I6:>96 IBF A9B8F6 F677DF87 HD==6 G6 =D:8F6 GB VT9F6 O)
-688F6 H67 @A9B8CD:7 7D97 PDF=6 =B8FCHC6GG6)

 !"#$% ()O W *;78<=6 R ( >)>)G)

,'"-&#'(

': 98CGC7B:8J G67 @A9B8CD:7 >6 3BTFB:T6J G5@HFC89F6 =B8FCHC6GG6 >67 @A9B8CD:7 >6 =D9Q6=6:8 >9

7;78<=6 678 >D::@6 IBF N







m 0 0
0 2m 0

0 0
1

9
mL2











ẍ1
ẍ2
θ̈



+













K 0 −2

3
KL

0 K −1

3
KL

−2

3
KL −1

3
KL

10

9
KL2

















x1
x2
θ



 =





0
F (t)
0





 ! "#$ %&'#$ ()&()#$ '# *+,)-.+&/

#D9F @89>C6F G6 7;78<=6 GCUF6J IF6:D:7 N F1(t) = F2(t) = 0 68 G6 7;78<=6 K()LM >6QC6:8 N

{

m1ẍ1 + (k1 + kc)x1 − kcx2 = 0
m2ẍ2 + (k2 + kc)x2 − kcx1 = 0

K()XM

">=688D:7 A96 G6 =D9Q6=6:8 678 YBF=D:CA96 6: 8D98 IDC:8 >9 7;78<=6 N

x1 = A1 sinωt

Z*%!4 !%./ 01 [) 4D9=6>C6:6 \ ") -CGD9>C
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x2 = A2 sinωt

56 5789:;<;= =<>= ?>5@@5= A<;B:6:<;= >; 65@ 9<>C595;6 5=6 D<==:E@5)

'; F59D@8G8;6 B8;= @5= H?>86:<;= B5 9<>C595;6=I <; <E6:5;BF8 >; =J=6K95 BLH?>86:<;= 8@MHN

EF:?>5= O

{

(k1 + kc −m1ω
2)A1 − kcA2 = 0

−kcA1 + (k2 + kc −m2ω
2)A2 = 0

P()QR

 5= H?>86:<;= ;5 =<;6 =86:=S8:65= PD<>F ;L:9D<F65 ?>5@@5 C8@5>F B5 A1 56 A2R ?>5 =: @5 BH65F9:;8;6

=>:C8;6 5=6 ;>@ O

∣

∣

∣

∣

k1 + kc −m1ω
2 −kc

−kc k2 + kc −m2ω
2

∣

∣

∣

∣

= 0 P()TR

3LH?>86:<; P()TR 5=6 8DD5@H O H?>86:<; A8F8A6HF:=6:?>5 B> =J=6K95 56 =5= =<@>6:<;= =<;6 @5= D>@N

=86:<;= DF<DF5= B> =J=6K95) 3LH?>86:<; P()TR B<;;5 O

ω4 − [
k1 + kc
m1

+
k2 + kc
m2

]ω2 +
k1k2 + (k1 + k2)kc

m1m2

= 0 P()UR

 L5=6 >;5 H?>86:<; ?>8BF86:?>5 5; ω2
B<;6 @5= =<@>6:<;= ω2

1 56 ω
2
2 )  V8A>;5 B5 A5= D>@=86:<;=

DF<DF5= B<;;5 ±ω W ;<>= H@:9:;<;= @5= F8A:;5= ;HM86:C5= D8FA5 ?>L5@@5= ;L<;6 D8= B5 =5;= DVJN
=:?>5)

35 F8DD<F6 B5= 89D@:6>B5= BHAF:C8;6 @5= 9<B5= DF<DF5= B> =J=6K95 =<;6 BH65F9:;H= X D8F6:F B5

@LH?>86:<; P()QR)

A2

A1

=
kc

k2 + kc −m2ω2

0<;A @5= B5>7 9<B5= =<;6 BH65F9:;H= D8F O

(
A2

A1

)(1) =
kc

k2 + kc −m2ω2
1

(
A2

A1

)(2) =
kc

k2 + kc −m2ω2
2

#<>F 57D@:?>5F @5 =5;= DVJ=:?>5 B5 A5= D>@=86:<;= 56 C5A65>F= DF<DF5=I <; DF5;B @5 A8= D8F6:A>@:5F

<Y O

m1 = m2 = m

k1 = kc = k2 = k

08;= A5 A8=I <; 6F<>C5 @5= D>@=86:<;= DF<DF5= O

ω1 =
√

k/m et ω2 =
√

3k/m

35 F8DD<F6 B5= 89D@:6>B5= 5=6 O

(
A2

A1

)(1) = 1 et (
A2

A1

)(2) = −1

0<;A @5= C5A65>F= DF<DF5= =<;6 B<;;H= D8F O

Φ1 =

{

A1

1.A1

}

et Φ2 =

{

A1

(−1).A1

}
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'5 567895: ;97 79;;67: < =9 ;7>8?@7> A68;6B95:>C 65 9D79 E

Φ1 =

{

1
1

}

et Φ2 =

{

1
−1

}

6F ω1 >: ω2 7>;7GB>5:>5: =>B ;D=B9:?65B ;76;7>BC BD7 =>BHD>==>B I?J7> => BKB:@8> LGA7?: ;97 =9 MND7>

()O) Φ1 >: Φ2 B65: =>B 86L>B ;76;7>B I?J79:6?7>B 9BB6A?GB < AP9AD5> L>B ;D=B9:?65B ;76;7>B ω1

>: ω2 Q 65 ;>D: =>B BAPG89:?B>7 ;97 =9 MND7> ()()

R9S -6L> O RJS -6L> T)

 !"#$% ()( U -6L>B L> I?J79:?65 LD BKB:@8> < L>DV LL=

 !" #$%&'(')*+,%- ./0 1'./0 2$'2$/0

*6?: M >: K 7>B;>A:?I>8>5: =>B 89:7?A>B 89BB> >: 79?L>D7) 0GB?N565B ;97 Φ1 >: Φ2 =>B 86L>B

A677>B;65L95: 9DV ;D=B9:?65B ;76;7>B ω1 >: ω2)

'5 86DI>8>5: =?J7>C => BKB:@8> LWGHD9:?65 ;>D: X:7> GA7?: B6DB =9 Y678> E

−ω2MX +KX = 0 ou ω2MX = KX

065AC ;6D7 =>B L>DV ;D=B9:?65B ;76;7> ω1 >: ω2C 65 9D79 =>B >V;7>BB?65B A677>B;65L95:>B A688>

BD?: E

ω2
1MΦ1 = KΦ1 R()ZS

ω2
2MΦ2 = KΦ2 R()[S

'5 ;7G\8D=:?;=?95: =>B L>DV >V;7>BB?65B R()ZS >: R()[S C 7>B;>A:?I>8>5: ;97 :795B;6BG L>B I>A:>D7B

;76;7>B ΦT
1 >: Φ

T
2 C 65 6J:?>5: E

ω2
1Φ

T
2MΦ1 = ΦT

2KΦ1 R()O]S

ω2
2Φ

T
1MΦ2 = ΦT

1KΦ2 R()OOS

'5 ;7>595: =9 :795B;6BG> L> AP9HD> 8>8J7> L> =WGHD9:?65 R()OOSC ?= I?>5: E

ω2
2Φ

T
2MΦ1 = ΦT

2KΦ1 R()OTS

'5 ;7>595: =9 L?^G7>5A> R()O]S U R()OTSC 65 6J:?>5: E

(ω2
1 − ω2

2)Φ
T
2MΦ1 = 0

*? ω1 6= ω2 65 9 E Φ
T
2MΦ1 = 0

'5 ;76AGL95: L> =9 8X8> 895?@7>C 56DB LG865:765B HD> =>B 86L>B B65: 67:P6N659DV ;97

79;;67: 9DV 89:7?A>B L> 89BB> >: L> 79?L>D7 HD>=HD> B6?: => 568J7> L> ddl E

ΦT
i MΦj = ΦT

j KΦi = 0 ; i 6= j R()O(S

_*%!4  !"# $% `) 46D8>L?>5> a ") -?=6DL?
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'5 6789:;<=6;=>5< 9>=5<?5>5< ;?@ ?A67?@@=B5@ C()DE ?< C()FE 7?@6?G<=H?9?5< 6>7 Φ1 ?< Φ2I B5

6?:< 7?<7B:H?7 ;?@ 6:;@><=B5@ 67B67?@ ωi GB99? @:=< J

ω2
i =

ΦT
i KΦi

ΦT
i MΦi

C()KLE

3?@ M:>5<=<8@ ΦT
i MΦi ?< ΦT

i KΦi @B5< >66?;8?@ 7?@6?G<=H?9?5< 9>@@? ?< 7>=N?:7 9BN>;? N:

9BN? i)

" 67=B7= ;?@ 9><7=G?@M ?<K 5? @B5< 6>@ BO;=P><B=7?9?5< N=>PB5>;?@I 9>=@ ?;;?@ @B5< @Q98<7=M:?@

?< N8R5=?@ 6B@=<=H?@)

S *Q98<7=? J ;?@ H>;?:7@ 67B67?@ @B5< 78?;;?@ ?< ;?@ H?G<?:7@ 67B67?@ >@@BG=8@ @B5< B7<TBPB5>:A

S 08R5=? 6B@=<=H? J ;?@ H>;?:7@ 67B67?@ @B5< 6B@=<=H?@ ⇒ det(M) > 0 ?< det(K) > 0 NB5G 5B5
5:;)

'<>5< NB558 ;?@ 67B67=8<8@ N?@ 9><7=G?@ M ?< K U ;?@ H>;?:7@ 67B67?@ @B5< 78?;;?@ ?< ;?@ H?G<?:7@

67B67?@ @B5< ;=58>=7?9?5< =5N86?5N>5<@)

 !" #$%&'() *+ ,&+-),)'. /012)

#B:7 ;? @Q@<V9? W N?:A N?P78@ N? ;=O?7<8I 5B:@ <7B:HB5@ N?:A 6:;@><=B5@ 67B67?@ ω1 ?< ω2 M:=

@><=@XB5< ;> XB79? 67B67? J

{

x1
x2

}

=

{

A
B

}

sin(ωt+ φ) C()KYE

0B5G GT>M:? N86;>G?9?5< 9BN>; ?@< NB558 6>7 J

K?7 9BN? J

{

x1
x2

}(1)

=

{

A1

B1

}

sin(ω1t+ φ1)

ZV9? 9BN? J

{

x1
x2

}(2)

=

{

A2

B2

}

sin(ω2t+ φ2)

3> @B;:<=B5 P8587>;? N: @Q@<V9? N[8M:><=B5@ N? 9B:H?9?5<@ ?@< GB96B@8? N? N?:A 9B:H?9?5<@

T>79B5=M:?@ N? 6:;@><=B5@ ω1 ?< ω2 U ?;;? ?@< NB558? 6>7 J

{

x1
x2

}

=

{

A1

B1

}

sin(ω1t+ φ1) +

{

A2

B2

}

sin(ω2t+ φ2) C()K\E

*B=?5< J

A1

B1
= 1

λ1
?<

A2

B2
= 1

λ2
U ;> @B;:<=B5 P8587>;? N?H=?5< R5>;?9?5< J

{

x1
x2

}

=

{

A1

λ1A1

}

sin(ω1t+ φ1) +

{

A2

λ2A2

}

sin(ω2t+ φ2) C()K]E

3?@ M:><7? GB5@<>5<?@ A1I A2I λ1 ?< λ2 @B5< N8<?79=58?@ W 6>7<=7 N?@ GB5N=<=B5@ =5=<=>;?@
x1(0)Ix2(0)Iẋ1(0) ?< ẋ2(0))

 !3 #$%&'() *+ ,&+-),)'. 4&25$ 672,&'08+)

3B7@M:[:5 @Q@<V9? ?@< ?AG=<8 6>7 :5? XB7G? T>79B5=M:?I ;?@ H=O7><=B5@ M:= ?5 78@:;<?5< @B5< W

;> 9^9? X78M:?5G? M:? G?;;? N? ;[?AG=<><=B5)  B99? 6B:7 ;?@ @Q@<V9?@ W :5 N?P78 N? ;=O?7<8 ;>

78@B5>5G? >:7> ;=?: ;B7@M:? ;> X78M:?5G? N[?AG=<><=B5 ?@< 8P>;? W ;[:5? N?@ X78M:?5G?@ 67B67?@ N:

@Q@<V9?) /B:@ >;;B5@ N8<>=;;?7 ;> 78@B;:<=B5 W <7>H?7@ :5 ?A?96;?)
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 !"#$%"

&5675898: ;<5=5>6;5 ?5 ;@ ABC75 ()DE 5=FGHI 6@7 C85 J97F5 K@7>98GLC5 @C 8GM5@C ?5 ;@ >@::5 DE

?5 J97>5 N F1 sinωt 98 6758? N k1 = kc = k2 = k 5H m1 = m2 = m3 = m

&'()*+" +" ,'-*%.(/*0 +/,"1("

'8 ;<@O:58F5 ?<@>97HG::5>58HE ;5 >9CM5>58H ?5 FK@LC5 >@::5 5:H 58 6K@:5 @M5F ;@ J97F5 ?<5=P

FGH@HG98 5H ?98F 98 65CH F98:G?I757 ;@ :9;CHG98 ?5 ;@ J97>5 N

x1 = A1 sinωt et x2 = A2 sinωt

'8 75>6;@Q@8H ?@8: ;5: ILC@HG98: ?GRI758HG5;;5:E 98 9OHG58H N

[

2k −mω2 −k
−k 2k −mω2

]{

A1

A2

}

=

{

F1

0

}

 !"#$%

&'() *+,'--./))'-) 0+ 123+*4/-.-3 ,.*.,32*/)3/5(+ 5(/ 6+(3 73*+ 2,*/3 )'() 8'*4+ 9

Det =

∣

∣

∣

∣

2k −mω2 −k
−k 2k −mω2

∣

∣

∣

∣

= (2k −mω2)(3k −mω2) = m2(ω2
1 − ω2)(ω2

2 − ω2)

:+) .460/3(1+) A1 +3 A2 )'-3 1'--2+) 6.* 9

A1 =
1

Det

∣

∣

∣

∣

F1 −k
0 2k −mω2

∣

∣

∣

∣

=
F1(2k −mω2)

m2(ω2
1 − ω2)(ω2

2 − ω2)

A2 =
1

Det

∣

∣

∣

∣

2k −mω2 F1

−k 0

∣

∣

∣

∣

=
F1k

m2(ω2
1 − ω2)(ω2

2 − ω2)

1;'< 0+) )'0(3/'-) 1( 4'(=+4+-3 9

x1 =
F1(2k −mω2)

m2(ω2
1 − ω2)(ω2

2 − ω2)
sinωt

x2 =
F1k

m2(ω2
1 − ω2)(ω2

2 − ω2)
sinωt

 !"#$%& %& '!($)*"+$, -$%.)&

:;/-32*73 1+ 0. 423>'1+ 4'1.0+ *2)/1+ 1.-) 0+ 8./3 5(;+00+ 12,'(60+ 0+) 25(.3/'-) 1+ 4'(=+?

4+-3 +- (3/0/).-3 0+ 6*/-,/6+ 1;'*3>'@'-.0/32 1+) 4'1+) 6*'6*+)" A;(-+ 4.-/B*+ @2-2*.0+C 0+

4'(=+4+-3 6+(3 73*+ 2,*/3 1+ 0. 8'*4+ 9

MẌ +KX = F (t)

:+ )D)3B4+ .14+3 1+(E 6(0).3/'-) 6*'6*+) ω1 +3 ω2 F 5(/ ,'**+)6'-1 0+) =+,3+(*) 6*'6*+) Φ1 +3

Φ2 *+)6+,3/=+4+-3" G'/3 0+ ,>.-@+4+-3 1+ =.*/.H0+ 9

X = Φq  !"#I%

'< Φ +3 q )'-3 *+)6+,3/=+4+-3 0. 4.3*/,+ 1+) =+,3+(*) 6*'6*+) +3 0+ =+,3+(* 1+) ,''*1'--2+)

@2-2*.0/)2+)" J'(* (- )D)3B4+ F 1+(E ddl 9

Φ = [Φ1 Φ2] et q =

{

q1
q2

}
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'5 6789:;<;5= >()?@A B;5C :DEFG;=HI5 B7 8IGJ7875= >()?KA 7= 75 96E8G:=H9:H;5= 9;6 ΦT
L H:

JH75= M

ΦTMΦq̈ + ΦTKΦq = ΦTF >()NOA

#IG6 G5 CPC=Q87 R B7GS ddl 7= 75 G=H:HC;5= :DI6=TIUI5;:H=E B7C 8IB7C >()?(AL I5 =6IGJ7 M

ΦTMΦ =

[

ΦT
1

ΦT
2

]

M [Φ1 Φ2] =

[

ΦT
1MΦ1 ΦT

1MΦ2

ΦT
2MΦ1 ΦT

2MΦ2

]

=

[

M11 0
0 M22

]

ΦTKΦ =

[

ΦT
1

ΦT
2

]

K[Φ1 Φ2] =

[

ΦT
1KΦ1 ΦT

1KΦ2

ΦT
2KΦ1 ΦT

2KΦ2

]

=

[

K11 0
0 K22

]

ΦTF =

[

ΦT
1

ΦT
2

]

F =

[

ΦT
1 F

ΦT
2 F

]

7= :7C EFG;=HI5C B7 8IGJ7875=C B7JH75575=

[

M11 0
0 M22

]{

q̈1
q̈2

}

+

[

K11 0
0 K22

]{

q1
q2

}

=

{

ΦT
1 F

ΦT
2 F

}
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 7 FGH VI5C=H=G7 G5 CPC=Q87 B7 B7GS EFG;=HI5C H5BE975B;5=7C)

'5 :D;99:HFG;5= R :D7S789:7 96EVEB75=L BI5= :7C 9G:C;=HI5C 7= J7V=7G6C 96I967C CI5= M

ω1 =
√

k/m et ω2 =
√

3k/m

Φ1 =

{

1
1

}

et Φ2 =

{

1
−1

}

3DEFG;=HI5 >()N?A B7JH75= M

[

2m 0
0 2m

]{

q̈1
q̈2

}

+

[

2k 0
0 6k

]{

q1
q2

}

=

{

F
F

}

37C CI:G=HI5C CI5= T;68I5HFG7C M q1 = Q1 sinωt et q2 = Q2 sinωt
W5 97G= =6IGJ76 :; CI:G=HI5 9IG6 VT;FG7 EFG;=HI5 > T;9H=67 NA M

q1 =
F1 sinωt

2k − 2mω2
=

F sinωt

2m(ω2
1 − ω2)

q2 =
F1 sinωt

6k − 2mω2
=

F sinωt

2m(ω2
2 − ω2)

75 679675;5= :7 VT;5U7875= B7 J;6H;X:7 >()?@A M

X = Φq =

[

1 1
1 −1

]{

q1
q2

}

BDIY M

x1 = q1 + q2

x2 = q1 − q2

CIH=L 75 6789:;<;5= M

x1 =
F sinωt

2m(ω2
1 − ω2)

+
F sinωt

2m(ω2
2 − ω2)

=
F sinωt(2k −mω2)

m2(ω2
1 − ω2)(ω2

2 − ω2)

x1 =
F sinωt

2m(ω2
1 − ω2)

− F sinωt

2m(ω2
2 − ω2)

=
kF sinωt

m2(ω2
1 − ω2)(ω2

2 − ω2)
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*567 89 :;:7<=9 > ?9@A ?9BCD: ?9 86E9C7D FG6B@C9 ()HI) 39: DJ@K765L: ?9 =5@M9=9L7 :NDOC6M9L7 P

{

m1ẍ1 + (k1 + k2)x1 − k2x2 = F1 sinωt
m2ẍ1 + k2x1 − k1x1 = 0

 !"#$% ()H Q '75@R9@C ?9 M6ECK765L:

'L CDB6=9 S9C=KL9L7T 89: :58@765L: x1(t) 97 x2(t) :5L7 ?D?@679: :6=S89=9L7 ?9 8K =D7U5?9
?6C9O79 V O5==9 68 LN; K SK: ?NK=5C76::9=9L7 5L S5:9 P

x1 = X1 sinωt

x2 = X2 sinωt

3K CD:58@765L ?@ :;:7<=9 ?NDJ@K765L L5@: ?5LL9 P

X1 =
F (k2 −m2ω

2)

(k1 + k2 −m1ω2)(k2 −m2ω2)− k22

X2 =
Fk2

(k1 + k2 −m1ω2)(k2 −m2ω2)− k22

WL C9=KCJ@9 9L SKC76O@869C J@9 :6 P ω =
√

k2/m2T 5L K@CK P

X1 = 0 97 X2 = −F/k2
#C6LO6S9 P

35C:J@9 89 :;:7<=9 6L676K8 (k1,m1) 9:7 :5@=6: > @L9 9AO67K765L ?9 S@8:K765L ωT 68 :@X7 ?9 CKY5@79C
@L ?9@A6<=9 :;:7<=9 798 J@9 P ω =

√

k2/m2 S5@C J@9 89 ?DS8KO9=9L7 ?9 8K SC9=6<C9 =K::9 :567

L@8)

1DLDCK89=9L7 @L SC5E8<=9 :9 S5:9 85C:J@9 8K S@8:K765L ?N9AO67K765L 9:7 DBK89 >

√

k1/m1 P

ω =
√

k1/m1 =
√

k2/m2

97 68 ZK@7 J@9 P [ I 3ND75@R9@C (k2,m2) S@6::9 :@SS5C79CT :KL: ?5==KB9T 8K Z5CO9 KSS86J@D9 T
\ I 3K S@8:K765L :567 O5L:7KL79 5@ 7C<: 8DB<C9=9L7 MKC6KE89) 'L 9R97 8K S@8:K765L ?9 CD:5LKLO9

?@ :;:7<=9 9:7 C9=S8KOD9 SKC ?9@A K@7C9: S@8:K765L: :67@D9: ?9 SKC7 97 ?NK@7C9 ?9 )

]*%!4  !"# $$ G) 45@=9?69L9 ^ ") -685@?6
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 !" #$%&'() *+), *(-.&/%%)()0& +/%12)23

*567 89 :;:7<=9 >=5?76 @A6BC?9 ()DE) 3FGHC>765I J9 =5CK9=9I7 :FGL?67 L5==9 :C67 M

[

m1 0
0 m2

]{

ẍ1
ẍ2

}

+

[

c1 + c2 −c2
−c2 c2

]{

x1
x2

}

+

[

k1 + k2 −k2
−k2 k2

]{

x1
x2

}

=

{

0
0

}

 !"#$% ()D N *;:7<=9 >=5?76 O P JJ8

0>I: L9 L>: 8> JGL5=Q5:6765I =5J>89 I9 Q9C7 Q>: R7?9 >QQ86HCG9 :>CS :6 8> =>7?6L9 JF>=5?76:T

:9=9I7 C 9:7 Q?5Q5?765II9889 O 8> =>7?6L9 J9 =>::9 M 5C O 8> =>7?6L9 J9 ?>6J9C? KU 5C :6 M
ΦT

i CΦj << ΦT
i CΦi) 0F5V 8F6I7G?R7 JFC7686:9? 8F>=5?76::9=9I7 K6:HC9CW GHC6K>89I7)

 !4 5606.*7/%*&/-0 *23 %$%&'()% 8 Nddl

39: :;:7<=9: O Q8C:69C?: J9B?G: J9 86X9?7GU L5I:767C9I7 J9: =5JG86:>765I: >::9Y ZJ<89: J9 :;:T

7<=9: ?G98: >::9Y L5=Q89W9: @A6BC?9 ()[E)

 !"#$% ()[ N 'W9=Q89 J9 Q?5X8<=9 O nddl

'I BGIG?>86:>I7 >C :;:7<=9 L5=Q897 M

mjẍj = −kj(xj−xj−1)+kj+1(xj+1−xj) = kjxj−1−(kj+kj+1)xj+kj+1xj+1; pourj = 1, ..., n

>K9L x0 = 0 97 kn+1 = 0

05IL 8FGHC>765I J9 =5CK9=9I7 86X?9 J9K69I7 M

MẌ +KX = 0

M = diag(m1,m2,m3, ...,mn−1,mn)

K =



















k1 + k2 −k2 0 . . . 0 0
−k2 k2 + k3 −k3 . . . 0 0

0 −k3 )

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

) −kn−1 0
0 0 . . . −kn−1 kn−1 + kn −kn
0 0 . . . 0 −kn kn



















\*%!4  !"# $% A) 45C=9J69I9 ] ") -685CJ6
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&56789:5 ; 07<= >5 ?7= @A >7 B58<CD85 67==5 5=E ?@<<5?EF5 G78 :<5 87CB5:8 kn+1 H :<5 G78EC5

IJ5K >5 B58<C58 F>F65<E =:8 >7 BC7L@<7>5 B5 >7 67E8C?5 B5 87CB5:8 B5MC5<E kn + kn+1)

 !!"#$%&#'( )*+

#@:8 >5 =N=ED65 H E8@C= BB> OPCL:85 ()QRK >SF9:7EC@< B5 6@:M565<E =SF?8CE =@:= >7 T@865 ;

 !"#$% ()Q U 'J56G>5 BS:< =N=ED65 H ( BB>





3m 0 0
0 m 0
0 0 2m











ẍ1
ẍ2
ẍ3







+





6k −k −3k
−k 5k −k
−3k −k 6k











x1
x2
x3







=







F1

0
F3







 !!"#$%&#'( )*)

V) 2?8C85K =@:= T@865 67E8C?C5>>5K >5= F9:7EC@<= B5 6@:M565<E= B: =N=ED65 H E8@C= B5L8F=

B5 >CW58EFK 85G8F=5<EF G78 >7 IL:85 ()XK

 !"#$% ()X U *N=ED65 H ( B5L8F= B5 >CW58EF)

Y) 0FE586C<58 >5= T8F9:5<?5= 5E 6@B5= G8@G85=) O<@8658 >5= 6@B5= G8@G85= 5< G85<7<E >5:8

G856CD85 ?@6G@=7<E5 FL7>5 H >S:<CEFRK

()  7>?:>58 >5= 67==5= 5E 87CB5:8= 6@B7>5=K

Z) *C @< 5J?CE5 >7 67==5 1 G78 :<5 T@8?5 [786@<C9:5 F (t) = F0 sinΩtK BFE586C<58 >7 8FG@<=5
T@8?F5 G78 BF?@6G@=CEC@< 6@B7>5)

,'"-&#'(

V) *@:= T@865 67E8C?C5>>5K >5= F9:7EC@<= B5 6@:M565<E= =@<E B@<<F5= G78 ;





m 0 0
0 m 0
0 0 m











ẍ1
ẍ2
ẍ3







+





4k −3k −k
−3k 8k −5k
−k −5k 6k











x1
x2
x3







=







0
0
0







Y) 0FE586C<7EC@< B5= 6@B5= 5E T8F9:5<?5= G8@G85=

35= G:>=7EC@<= G8@G85= =@<E @WE5<:5= H G78EC8 B5 >7 8F=@>:EC@< B: BFE586C<7<E ;

det(K − ω2M) =
4k −mω2 −3k −k
−3k 8k −mω2 −5k
−k −5k 6k −mω2

= 0

\*%!4 !%./ 01 P) 4@:65BC5<5 ] ") -C>@:BC
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356 7896:;<=>6 7?=7?56 =@;5>856 6=>; A

ω1 = 0 ; ω2 = 2.353

√

k

m
et ω3 = 3.531

√

k

m

356 B5C;58?6 7?=7?56 :66=C<D6 :8E 7896:;<=>6 7?=7?56 =@;5>856 6=>; F=>>D6 7:? A

φ1 =







1
1
1







; φ2 =







1
−0.268
−0.732







et φ3 =







1
−3.732
2.732







()  :9C89 F56 G:6656 5; ?:<F58?6 G=F:956

356 G:6656 G=F:956 6=>; =@;5>856 H 7:?;<? F5 A

ΦTMΦ =





1 1 1
1 −0.268 −0.732
1 −3.732 2.732









m 0 0
0 m 0
0 0 m









1 1 1
1 −0.268 −3.732
1 −0.732 2.732





ΦTMΦ =





3m 0 0
0 1.608m 0
0 0 22.392m





356 G:6656 G=F:956 6=>; F=>C A

M1 = 3 m ; M2 = 1.608 m et M3 = 22.392 m

356 ?:<F58?6 G=F:956 6=>; =@;5>856 H 7:?;<? F5 A

ΦTKΦ =





1 1 1
1 −0.268 −0.732
1 −3.732 2.732









3k −k −2k
−k 2k −k
−2k −k 3k









1 1 1
1 −0.268 −3.732
1 −0.732 2.732





ΦTKΦ =





0 0 0
0 8.9k 0
0 0 279.1k





356 ?:<F58?6 G=F:956 6=>; F=>C A

K1 = 0 ; K2 = 8.9k et K3 = 279.1k

I) 0D;5?G<>:;<=> F5 9: ?D7=>65 J=?CD5 7:? FDC=G7=6<;<=> G=F:95

*=86 J=?G5 G:;?<C<5995K 95 6L6;MG5 FNDO8:;<=>6 56; F5 9: J=?G5 A [M ]
{

Ẍ
}

+ [K] {X} =

{F (t)}
P> 7=65 {X} = [Φ] {q} 5; => 7?DG89;<79<5 7:? [Φ]T K => =@;<5>; :9=?6 95 6L6;MG5 FDC=879D
68<B:>; A











3m 0 0

0 1.608m 0

0 0 22.392m





























q̈1

q̈2

q̈3



















+











0 0 0

0 8.9k 0

0 0 279.1k





























q1

q2

q3



















=



















F0 sinΩt

F0 sinΩt

F0 sinΩt


















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5678 9:; ;69<8=67; ;678 >

q1 =
F0

−3mΩ2
sinΩt q2 =

F0

8.9k − 1.608mΩ2
sinΩt q3 =

F0

279.1k − 22.392mΩ2
sinΩt

'7 ?:@:7A78 B 768?: CDA7E:F:78 5: @A?=AG9:; {X} = [Φ] {q}H 67 6G8=:78 >

x1 = q1 + q2 + q3 =

(

1

−3mΩ2
+

1

8.9k − 1.608mΩ2
+

1

279.1k − 22.392mΩ2

)

F0 sinΩt

x2 = q1 − 0.268q2 − 3.732q3 =

(

1

−3mΩ2
+

−0.268
8.9k − 1.608mΩ2

+
−3.732

279.1k − 22.392mΩ2

)

F0 sinΩt

x3 = q1 − 0.732q2 − 2.732q3 =

(

1

−3mΩ2
+

−0.732
8.9k − 1.608mΩ2

+
−2.732

279.1k − 22.392mΩ2

)

F0 sinΩt

 !"# $%&'()*+(,*%- ./+ '%./+

3:; F65:; I?6I?:; ;678 5JK7=; B <7: C67;8A78: F<98=I9=CA8=@: I?L;)  :88: C67;8A78: I:<8 M8?:

CD6=;=: 5: NAO67 P<: >

Q 9A I?:F=L?: C6FI6;A78: 5< @:C8:<? F65A9 C67;=5J?J ;6=8 JEA9: B R S

Q 9A I9<; E?A75: C6FI6;A78: ;6=8 JEA9J B R S

Q 9:; F65:; I?6I?:; ;6=:78 76?FA9=;J; IA? ?AII6?8 B 9A FA8?=C: =5:78=8JH 9A FA8?=C: FA;;: 6< 9A

FA8?=C: ?=E=5=8J)

 !"#!" $%&'()*+(,*%- .(& &(..%&, / )01-*,2

0A7; C: CA; 9: I?65<=8 ;CA9A=?: 5: 9A FA8?=C: F65A9: IA? :99: FMF: 56=8 M8?: JEA9 B 9A FA8?=C:

=5:78=8J) *6=8 >

ΦΦ
T
= I T()UUV

8:9 P<: Φ :;8 9A FA8?=C: 5:; F65:; I?6I?:; 76?FA9=;J:  :88: 5:?7=L?: :;8 ?:9=J: B 9A FA8?=C:

F65A9: Φ IA? >

Φ = ΦA T()U(V

8:9 P<: A :;8 <7: FA8?=C: 5=AE67A9: P<= I:<8 M8?: CA9C<9J: 5: 9A FA8?=C: F65A9:)

0:; JP<A8=67; T()UUV :8 T()U(VH 67 6G8=:78 >

ΦAAΦT = I

'7 F<98=I9=A78 IA? Φ−1 B 5?6=8: :8 B EA<CD:H 67 6G8=:78 >

(Φ)−1ΦAAΦT (Φ−1)T = Φ−1I(Φ−1)T

"96?; >

A = (ΦΦT )−1/2 T()UWV

X*%!4  !"# $% Y) 46<F:5=:7: Z ") -=96<5=
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 !"#!$ %&'()*+,)-+&. /)' ')//&'- 0 *) (),,1

0567 89 857 :6 ;:<= 85>8?>9@ >5 A5=@<89 A:;5>9 B?< CD@<E9 >9 F@:;?<= 785>5<@9 7?<C56= G

ΦMΦ
T
= I H()IJK

=9> B?9 Φ 97= >5 A5=@<89 ;97 A:;97 F@:F@97 6:@A5><7D9  9==9 ;9@6<L@9 97= @9><D9 M >5 A5=@<89

A:;5>9 Φ F5@ >5 @9>5=<:6 H()I(K) 0:68N <> 7?O7 ;9 ;D=9@A<69@ >5 A5=@<89 ;<5P:65>9 A 8:AA9

F@D8D;9AA96=)

'6 A?>=<F><56= >QDB?5=<:6 H()IJK F5@ Φ−1 M ;@:<=9 9= M P5?8R9N :6 :S=<96= G

Φ
−1
ΦMΦ

T
(Φ
−1
)T = Φ

−1
I(Φ

−1
)T

">:@7 G

M = Φ
−1
(Φ
−1
)T

'6 A?>=<F><56= F5@ Φ A5<6=9656=N :6 :S=<96= G

M = ΦΦ
−1
(Φ
−1
)TΦT

T6 @9AF>589 >5 C5>9?@ ;9 Φ F5@ 75 C5>9?@ H()I(K G

M = ΦΦ−1(A−1)TA−1(Φ−1)TΦT = A−2

 !"# !" !$%&'"% () *)%+&#' ,&)-!")(' A #!**' ./&% 0

A = (ΦTMΦ)−1/2 123456

 !"#! $%&'(& )*+ ,-)*+ ./-./*+ )%0+ &* '%+ )* nddl

7'. 8+9:/'"#'. ;+!;+'. ,'. .<.%=*'. >&$+)%!&+'. .!"%? .)". ,!/%'? ('. ;+'*&'+. 9(9*'"%. )/@A

:/'(. "!/. "!/. &"%9+'..!". '" )")(<.' ,<")*&:/'3 7'/+ ,9%'+*&")%&!" "B'.% ;). %!/C!/+. )&.9'?

./+%!/% (!+.:/' (' "!*$+' ,' ,'-+9. ,' (&$'+%9 ,'>&'"% &*;!+%)"%3 D'#& "!/. #!",/&+) .!/>'"%

E (B/%&(&.)%&!" ,' #'+%)&"'. *9%F!,'. );;+!#F9'. '%G!/ "/*9+&:/'.3

HIJKL  !"# $% M3 L!/*',&'"' N O3 P&(!/,&
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*567 89 :;:7<=9 >9 8? @A6BCD9 EF) 3? =?::9 m1 9:7 GHI9 J CK9 76B9 D6B6>9L >9 =?::9 KIB86B9?M89

97 >9 85KBC9CD bL NC6 O9C7 5:P6889D @>QCK ?KB89 θ1F >?K: 89 O8?K R9D76P?8 ?C75CD >C O56K7 O1)

3? =?::9 m2 9:7 GHI9 J CK9 ?C7D9 76B9 D6B6>9L >9 =?::9 KIB86B9?M89L >9 85KBC9CD L 97 NC6 O9C7
5:P6889D @>QCK ?KB89 θ2F ?C75CD >C O56K7 O2) 39: >9CH 76B9: :5K7 D986I9: 9K7D9 9889: O?D CK D9::5D7

k1 :67CI J 8? O5:6765K d O?D D?OO5D7 J O1 97 J O2) 3? =?::9 m2 9:7 D986I9 ?C :58 J 8Q?6>9 >QCK

D9::5D7 k2)

 !"#$% ()S

E) 'K :COO5:?K7 NC9 89: D57?765K: θ1 97 θ2 :5K7 6KGK67I:6=?89: T IPD6D9 89: INC?765K: >6UIV
D9K769889: >C =5CR9=9K7 :5C: W5D=9 =?7D6P69889 9K W5KP765K >9 m1L m2L k1L k2L bL dL LL θ1
97 θ2L *569K7 d = L/2 = (2/3)b T k1 = k2 = k 97 m1 = m2 = m)

X) 'PD6D9 89: INC?765K: ODIPI>9K79: 9K W5KP765K >9 mL kL dL θ1 97 θ2L

()  ?8PC89D 89: OC8:?765K: OD5OD9: 97 89: R9P79CD: OD5OD9:L

Y) ZK ?OO86NC9 J 8? =?::9 m2 CK9 W5DP9 :6KC:5[>?89 F = f. sin(Ωt)) 05KK9D 89: INC?765K:
>6UID9K769889: >C =5CR9=9K7 :5C: W5D=9 =?7D6P69889 9K W5KP765K >9 mL kL dL θ1 97 θ2L

\) 'PD6D9 89: INC?765K: >IP5CO8I9: P5DD9:O5K>?K79:)

 !"#$%$" '

3? O5C869 >C :;:7<=9 @A6BCD9 YF 9:7 P5K:767CI9 >9 >9CH >6:NC9: ]5=5B<K9: >9 =^=9 =?::9 M
97 >9 D?;5K: D9:O9P76W: R1 97 R2)  9779 O5C869 75CDK9 :?K: WD5779=9K7 ?C75CD >QCK ?H9 GH9) "

8QINC686MD9 θ = 0L 89: >9CH D9::5D7: >9 D?6>9CD k K9 :5K7 O?: >IW5D=I:) 3? =?::9 m B86::9 :?K:

WD5779=9K7 :CD 89 O8?K ]5D6_5K7?8)

 !"#$% ()E`

E)  5=M69K >9 >9BDI: >9 86M9D7I ? 89 :;:7<=9 a

b*%!4  !"# $% A) 45C=9>69K9 c ") -685C>6
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5) '6789:; 9<= >?@76:AB= C:D>;<B6:<99<= ;>E:==7B6 9< FA@G<F<B6 9:8;<)

*@HHA=AB= F7:B6<B7B6 ?@< I R2 = 2R1 <6 M = m)

()  79J@9<; 9<= H@9=76:AB= H;AH;<= <B KABJ6:AB C< 97 H@9=76:AB ω0 =
√

k/mL

M)  79J@9<; 9<= FAC<= H;AH;<= BA;F>= H7; ;7HHA;6 N 97 H;<F:O;< JAFHA=7B6< <B KABJ6:AB C<

R1)

*@HHA=AB= ?@< 97 F7==< m <=6 =A@F:=< N @B< KA;J< =:B@=APC79< C< 6QH< I F = F0 sin(Ωt))

R) 'J;:;< 9<= >?@76:AB= C< FA@G<F<B6 C@ =Q=6OF< KA;J> =A@= KA;F< F76;:J:<99<L

S) 'J;:;< 9<= >?@76:AB= C>JA@H9><= <B @6:9:=7B6 97 F>6TAC< FAC79<L

U) 0ABB<; 97 =A9@6:AB C<= >?@76:AB= C>JA@H9><=)

 !"#$%$" &

VB JAB=:CO;< 9< =Q=6OF< C< 97 WE@;< ()XX JAB=6:6@> C< C<@Y H<BC@9<= =:FH9<= :C<B6:?@<= C<

F7==< m <6 C< 9ABE@<@; LL WY>= N @B 8Z6: WY< TA;:[AB679) \B ;<==A;6 C< ;7:C<@; kL WY> N @B<
C:=67BJ< a C@ 8Z6: 7==@;< 9< JA@H97E< <B6;< 9<= C<@Y H<BC@9<=) " 9]>?@:9:8;< 9<= C<@Y H<BC@9<=

=AB6 G<;6:J7@Y)

 !"#$% ()XX

X)  79J@9<; 9]>B<;E:< J:B>6:?@< T L 9]>B<;E:< HA6<B6:<99< U <6 9< 97E;7BE:<B C7B= 9< J7= C<=

A=J:9976:AB= C< K7:89< 7FH9:6@C<L

5) '6789:; 9<= >?@76:AB= C:D>;<B6:<99<= C@ FA@G<F<B6L

()  79J@9<; 9<= H@9=76:AB= H;AH;<= ω1 <6 ω2 <B KABJ6:AB C< I

ω0 =
√

g/L <6 C< Ω =
√

(ka2)/(mL2)

M)  79J@9<; θ1 <6 θ2L HA@; 9<= JABC:6:AB= :B:6:79<= =@:G7B6<= I
θ1(0) = −θ2(0) = θ0 <6 ˙θ1(0) = ˙θ2(0) = 0L

R)  79J@9<; 9<= ;7HHA;6= C<= 7FH9:6@C<= 9A;=?@< 9< =Q=6OF< A=J:99< C7B= JT7J@B C<= C<@Y

FAC<=L

S) 0>C@:;< 9<= FAC<= H;AH;<= Φ1 <6 Φ2L

U) VB 7HH9:?@< @B JA@H9< C = C0 sin(αt) JAFF< FAB6;> C7B= 97 WE@;< ()XX) 2J;:;< 9]>?@7^
6:AB C< FA@G<F<B6 =A@= KA;F< F76;:J:<99<) 0>C@:;< 9]>?@76:AB C>JA@H9><)

 !"#$%$" '

\B =Q=6OF< N C<@Y C<E;>= C< 9:8<;6> _G7;:789<= x1 <6 x2` <=6 C>WB: H7; =7 F76;:J< C< F7==< M
<6 =7 F76;:J< C< ;:E:C:6> K I

M =

[

3 −1
−1 2

]

et K =

[

1 −1
−1 3

]

\*%!4  !"# $% a) 4A@F<C:<B< b ") -:9A@C:
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5) /6789:;<=> :=< 86?=< @97 79@@67A B :9 89<<=C

D)  9:EF:=> :=< 98@:;AF?=< ?= :9 7G@6H<= B FH= =IE;A9A;6H f(t) = cos(πt) <F7 x2 =H FA;:;<9HA
:9 8GAJ6?= ?=< 86?=< H6789FI)

 !"#$%$" &

KH <L<AM8= B ?=FI ?=N7G< ?= :;O=7AG PQ97;9O:=< x1 =A x2R =<A ?GSH; @97 <9 89A7;E= ?= 89<<= M
=A <9 89A7;E= ?= 7;N;?;AG K T

M =

[

2 1
1 2

]

et K =

[

1 0
0 1

]

5) 0GA=78;H=> :=< U7GVF=HE=< H9AF7=::=< =A :=< 86?=< @76@7=<C

D) 0GA=78;H=> :9 7G@6H<= @6F7 :=< E6H?;A;6H< ;H;A;9:=< <F;Q9HA=< T

x1(0) = 0; x2(0) = 1, v1(0) = 0; v2(0) = 0

() %76FQ=> :=< 89A7;E=< ?;9N6H9:=< 6OA=HF=< =H =I@7;89HA x <F7 :9 O9<= ?=< 86?=<

W)  9:EF:=> :9 7G@6H<= B FH= =IE;A9A;6H f(t) = cos(
√
2t) =H x2 =H Q6F< <=7Q9HA ?F <L<AM8=

?GE6F@:G 6OA=HF =H P(R) XF=:< <6HA :=< E6=YE;=HA< ?= @97A;E;@9A;6H 86?9:= Z

K*%!4  !"# $% [) 46F8=?;=H= \ ") -;:6F?;



 !"#$%&' (

)*%&+,-.%$+* "-/ 012%34'2 .+*%$*-2

 !" #$%&'()*%+'$

 !" #$%&'()*" '+(,(-!*"()**!..!" ,!" /(0+&'()*" ,1%* -(.(!% 2)*'(*% ,)**# ")*' ,1%*! '+3" 4+&*,!

2)-5.!6('# !' *! 5!%/!*' !* +34.! 4#*#+&.! 7'+! +#").%!" &*&.8'($%!-!*'9 :!5!*,&*'; .!" -(.(!%6

2)*'(*%" %'(.("#" ,&*" .!" 2)*"'+%2'()*" -#2&*($%!"; 5+#"!*'!*' ,!" 5&+'(2%.&+('#" 4#)-#'+($%!"

$%( 5!+-!''!*' ,! "(-5.(<!+ .1&*&.8"! -&'=#-&'($%! ,! .!%+" /(0+&'()*"9 :!" "(-5.(<2&'()*"

>&('!" ? 5+()+(; )*' ,)**# *&(""&*2! &%6 '=#)+(!" ,!" 5)%'+!"; 5.&$%!" !' 2)$%!"9

 !" '=#)+(!" ,!" 5)%'+!" 2)*"("'!*' ? 2)*"'+%(+! ,!" -),3.!" -)*),(-!*"()**!." !' !* 2! "!*"

+!5+#"!*'!*' .!" -(.(!%6 2)*'(*%" .!" 5.%" "(-5.!"9 :!''! "(-5.(2('# *)%" "!+& '+3" %'(.! 5%("$%1!..!

*)%" 5!+-!''+& ,1)0'!*(+ ,!" ").%'()*" &*&.8'($%!" ,% 5+)0.3-! !' !* 2)*"#$%!*2! ,1#'%,(!+

.!" 5=#*)-3*!" /(0+&')(+!" ,! >&@)* '+3" 2)-5.3'!9  & 5)%'+! 5)""3,! ,!%6 ,! "!" ,(-!*"()*"

A.&+4!%+ !' #5&(""!%+B >&(0.!" ,!/&*' .& '+)("(3-! A.)*4%!%+B9  & +!2=!+2=! ,!" 5=#*)-3*!"

/(0+&')(+!" ,! 0&"! *)%" 2)*,%(+& ? !*/("&4!+ '+)(" -)%/!-!*'" #.#-!*'&(+!" ,!" 5)%'+!" C .!"

/(0+&'()*" .)*4('%,(*&.!"; .!" /(0+&'()*" ,! ')+"()* !' .!" /(0+&'()*" ,! D!6()*9

E&*" 2! 2=&5('+!; *)%" *)%" (*'#+!"")*" ? .& -),#.("&'()* ,!" 5)%'+!" !* '+&2'()* !' !* ')+"()*

A0&++!"B9 :!" 0&++!" )*' %*! ,("'+(0%'()* 2)*'(*%! ,!" -&""!" !' ,! .1#.&"'(2('#9 F." ")*' "%55)"#"

=)-)43*!"; (")'+)5!" !' )0#(""&*' ? .& .)( ,! G))H! !* ,!@? ,! .& .(-('! #.&"'($%!9

 !, -+.&/%+'$0 1'$2+%)(+$/130 (/$0 130 ./&&30

 !"!# $%&'()*+, -., *+-., /*+0)(&-)+'/.,

I)(' %*! 0&++! ,! .)*4%!%+ l !' ,! "!2'()* /&+(&0.! A(x) AJ(4%+! K9LB9  !" )*,!" .)*4('%,(*&.!"
")*' ,!" )*,!" ,! '+&2'()*M2)-5+!""()* ,&*" .& ,(+!2'()* x9

 !"#$% K9L N E#5.&2!-!*' .)*4('%,(*&. ,&*" %*! 0&++!

 1#$%&'()* ,1#$%(.(0+! ,! .1#.#-!*' dx "1#2+(' C

F + dF − F = ρA(x)dx
∂2u(x, t)

∂t2
AK9LB

OP



 !"#$%&' () $*%&+,- %$+* "-. /0/%12'/  +*%$*-/

3456 u(x, t) 75 89:7365;5<= 7><?@=A8@<37B A(x) 73 C56=@>< 5= ρ 73 ;3CC5 4>7A;@DA5)
$7 <E5F@C=5 DA5 73 6><=G3@<=5 CA@43<= 7E3F5 x 5= 5775 5C= 8><<95 :3G H

σxx =
F

A(x)
I()JK

L3 89M>G;3=@>< CE>N=@5<= :3G 73 7>@ 85 !>>O5 IE H 5C= 75 ;>8A75 85 0>A<? 5= ν 5C= 75 6>5P6@5<=
85 #>@CC><K H

ǫxx =
∂u(x, t)

∂x
=
σxx
E

=
F

EA(x)

 5 DA@ 8><<5 H

F = EA(x)
∂u(x, t)

∂x
I()QK

#A@CDA5 dF = ∂F
∂x
dxB 37>GC 7E9DA3=@>< 8E9DA@7@NG5 I()RK 854@5<= H

∂

∂x
(EA(x)

∂u(x, t)

∂x
)dx = ρA(x)

∂2u(x, t)

∂t2
dx I()(K

,3<C 75 63C 8EA<5 C56=@>< 6><C=3<=5 A(x) = AB >< 3 H

E

ρ

∂2u(x, t)

∂x2
=
∂2u(x, t)

∂t2
I()SK

'< <>=3<= 73 4@=5CC5 85 :G>:3?3=@>< 85C ><85C 7><?@=A8@<375C cl =
√

E/ρB 7E9DA3=@>< 85 :G>:3T
?3=@>< :5A= C5 G5:G9C5<=5G C>AC 73 M>G;5 H

∂2u(x,t)
∂x2 − 1

c2l

∂2u(x,t)
∂t2

= 0 I()UK

L3 7>@ 85 !>>O5 ;><=G5 DAE@7 5F@C=5 3ACC@ A<5 89M>G;3=@>< 83<C 73 8@G56=@>< z I5= yK

ǫzz = −νǫxx

L3 :G>:3?3=@>< 85C ><85C 85 =G36=@><T6>;:G5CC@>< 83<C 75C N3GG5C CE366>;:3?<5 8EA<5 89M>GT

;3=@>< 5< V) +< :3G75 37>GC 8E><85 DA3C@T7><?@=A8@<375 IW?AG5 ()JK)

 !"#$% ()J X +<85 DA3C@T7><?@=A8@<375 H ><85 85 =G36=@><T6>;:G5CC@>< 83<C A<5 N3GG5

 !"!" #$%&'()*(+ ),-'$(..(+ (- /%01$2%(+ 21/,.(+

L5 89:7365;5<= 7><?@=A8@<37 5C= G5:G9C5<=9 :3G 85C M><6=@><C @<89:5<83<=5C 5< A=@7@C3<= 73

=56Y<@DA5 85 C9:3G3=@>< 85 43G@3N75C) L3 C>7A=@>< G56Y5G6Y95 C5 :G9C5<=5 C>AC 73 M>G;5 8EA<

:G>8A@= 85 85AF M><6=@><CB 8><= 7EA<5 89:5<8 85 7E5C:365 5= 7E3A=G5 8A =5;:C H

u(x, t) = N(x)q(t) I()ZK

$<=G>8A@=5 83<C 7E9DA3=@>< 85C ><85CB <>AC 8><<5 H

c2
N”(x)

N(x)
=
q̈(t)

q(t)
= −ω2

I()[K

-/%!\  !"# $% ]) \>A;58@5<5 ^ ") 2@7>A8@
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345 674 8 N”(x) = d2N(x)
dx2 43 q̈(t) = d2q(x)

dt2

9: ;45:3<=> ?()@A B=>C7<3 D C47E F67:3<=>G <>CFH4>C:>34G 8

{

N”(x) + σ2N(x) = 0
q̈ + ω2q(t) = 0

?()IA

345 674 8 ω2 = σ2c2 C=>3 54G G=573<=>G G=>3 8

{

N(x) = α sin(σx) + β cos(σx)
q(t) = a sin(σct) + b cos(σct)

?()JKA

94G L;F674>B4G >:37;4554G 43 54G CFL=;MF4G M=C:54G N=>3 CFH4>C;4 C4G B=>C<3<=>G :7E 5<M<34G)

 !"!# $%&'()(%&* +,- .(/()0*

94G CFL=;MF4G M=C:54G 43 54G L;F674>B4G >:37;4554G CFH4>C4>3 C4G B=>C<3<=>G :7E 5<M<34G :7E

C47E 4E3;FM<3FG C4 5: O:;;4) ,<PF;4>3G 3QH4G C4 B=>C<3<=>G :7E 5<M<34G H47N4>3 R3;4 4>N<G:SFG

?()TA 8

:A 'E3;FM<3F 5<O;4 8 5: B=>3;:<>34 4G3 >7554

∂u
∂x

= 0
OA 'E3;FM<3F 4>B:G3;F4 8 54 CFH5:B4M4>3 4G3 >75 u = 0
BA 'E3;FM<3F UEF4 D 7> ;4GG=;3 C4 ;:<C47; k 8 ±ku = EA∂u

∂x

CA 'E3;FM<3F :33:BVF4 D 7>4 M:GG4 M 8 ±m∂2u
∂t2

= EA∂u
∂x

 !"#$% ()T W 94G B=>C<3<=>G :7E 5<M<34G

,:>G 54 B:G C4 5: US7;4 ?()TAX 54G B=>C<3<=>G :7E 5<M<34G G=>3 C=>>F4G B=MM4 G7<3 8

EA
∂u

∂x
|x=0 = (m1

∂2u

∂t2
+ c1

∂u

∂t
+ k1u)|x=0

EA
∂u

∂x
|x=l = (m2

∂2u

∂t2
+ c2

∂u

∂t
+ k2u)|x=l

 !!"#$%&#'( )*+

/=<3 5: O:;;4 4>B:G3;F4 D 7>4 4E3;FM<3F 43 5<O;4 D 5Y:73;4 ?B:>3<54N4;A ?US7;4 ?()(AA)

 !"#$% ()( W Z:;;4 4>B:G3;F4[5<O;4

-/%!Z !%,- .. \) Z=7M4C<4>4 ] ") 2<5=7C<
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345 6789:;:785 <=> ?:@:;45 54 9A6B:C48; D<B E

'8 x = 0 F ?4 9AD?<64@48; 45; 8=? E

u(0, t) = 0→ N(0) = 0

'8 x = l F ?< 678;B<:8;4 45; 8=??4 E

σxx(l, t) = E
∂u(x, t)

∂x
|x=l = 0→ N ′(l) = 0

/7:; E

N(0) = β = 0→ N(x) = α sin(σx)→ N ′(x) = σα cos(σx)

N ′(l) = σα cos(σl) = 0→ cos(σl) = 0→ σ =
2n− 1

2l
π telquen = 1, 2, 3, ...

345 9AG7B@A45 @79<?45 578; E

Nn(x) = sin(σnx) = sin
(2n− 1)πx

2l
= Φn(x)

'; CAB:H48; ?< B4?<;:78 9I7B;J7K78<?:;A E

∫ l

0

Φn(x)Φm(x)dx =

∫ l

0

sin(σnx) sin(σmx)dx =
l

2
δmn L()MMN

"C46 δmn 45; ?4 5O@P7?4 94 QB7846R4B E

δmn =

{

1 si n = m
0 si n 6= m

345 D=?5<;:785 8<;=B4??45 578; E

ωn = σncl =
(2n− 1)πcl

2l
=

(2n− 1)π

2l

√

E/ρ L()MSN

,786 D7=B 64 6<5F ?45 57?=;:785 578; 67@@4 5=:; E

?4 9AD?<64@48; E u(x, t) =
∑∞

n=1(An sin(σnclt) + Bn cos(σnclt)) sin(σnx)
 ! "#$%&&% u̇(x, t) =

∑∞
n=1 σncl(An cos(σnclt)− Bn sin(σnclt)) sin(σnx)

 ! '( &!$#)* '+)'+% , ωn = σncl
-$  ! .)+/% /)0! % Φn = sin(σnx)

1 +%&$% 2 03$%+/#*%+ An %$ Bn4 5)(+ 6% !7  %& 6)*0#$#)*& #*#$#! %& 82 t = 09 %$  ! +% !$#)* 0:)+;

$<)=)*! #$3 &)*$ ($# #&3%&4

 !"! #$%&'(()*+ ,*-%./0' 12 -*23'-'+0

5)(+ %>' #?(%+ 6%$$% '!+$#%7 )* ($# #&%  :%>%/' % 0%  ! @=(+% A4A4B!*& 6%$ %>%/' %7  % 03' !6%/%*$

#*#$#! %&$ 0)**3 '!+ ,

u(x, 0) = u0(x) =
∞
∑

m=1

Bm sin(σmx)

CDEFG  !"# $% H4 G)(/%0#%*% I J4 K# )(0#
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 3 456 78993 39 :5;<6=;6>9< ?86@ sin(σnx) 3< 39 69<ABC>9< @5C ;> ;89B535C <8<>;3 73 ;> D>CC3 E

∫ l

0

u0(x) sin(σnx)dx =

∫ l

0

(
∞
∑

m=1

Bm sin(σmx)) sin(σnx)dx =

∫ l

0

Bn sin
2(σnx)dx =

Bnl

2

,89F

Bn =
2

l

∫ l

0

u0(x) sin(σnx)dx G()HIJ

K> L6<3@@3 696<6>;3 E

u̇(x, 0) = u̇0(x) =
∞
∑

m=1

σmclAm sin(σmx)

";8C@M 39 =C8FA7>9< 73 ;> :N:3 :>96OC3 453 =85C ;3 7A=;>F3:39<M 89 8D<639< E

∫ l

0

u̇0(x) sin(σnx)dx =

∫ l

0

(
∞
∑

m=1

σmclAm sin(σmx)) sin(σnx)dx =

∫ l

0

σnclAn sin
2(σnx)dx = σnclAn

l

2

,89F E

An =
2

σcll

∫ l

0

u̇0(x) sin(σnx)dx G()H(J

 !!"#$%&#'( )*+

 89@67AC89@ ;> D>CC3 73 ;P>==;6F><689 H) " t = 0M ;> L6<3@@3 696<6>;3 E u̇0(x) = 0 3< 593 ?8CF3 F0

3@< >==;645A3 Q ;P3R<CA:6<A ;6DC3 73 ;> D>CC3 39F>@<CA3)

 !"#$% ()S T D>CC3 39F>@<CA3U;6DC3

,3 ;> ;86 73 !88VM 89 <C85L3 E

∂u(x, 0)

∂x
=

F0

EA
→ u(x, 0) =

F0x

EA

'9 C3:=;>W>9< 7>9@ G()HXJ 3< G()HYJM 89 8D<639< E

Bn =
2

l

∫ l

0

F0x

EA
sin(σnx)dx =

8F0l(−1)n+1

EAπ2(2n− 1)2

3<

u̇(x, 0) = 0→ An = 0

K3 7A=;>F3:39< ;6DC3 73 ;> D>CC3 3@< F8:=;O<3:39< 7AZ96 =>C @3@ F8976<689@ >5R ;6:6<3@ 3< @3@

F8976<689@ 696<6>;3@ E

u(x, t) =
8F0l

EAπ2

∞
∑

n=1

(−1)n+1

(2n− 1)2
cos(ωnt) sin(

(2n− 1)πx

2l
)

>L3F ωn = (2n−1)πx
2l

√

E/ρ , n = 1, 2, 3, ...

-/%![ !%,- ./ \) [85:376393 ] ") 26;8576
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 !" #$%&'($)*+ ,- ()&+$)* ,'*+ .-+ %'&&-+

 !"!# $%&'()*+, -., *+-., -. (*/,)*+

-34 56774 849: ;<5747 43 :=7><=3 ? @6 ;<576:<=3 4>: A676A:B7<>B4 867 93 CB8@6A4D43: 63E9@6<74

FD=9;4D43: C4 7=:6:<=3G 69:=97 C4 @H6I4 @=3E<:9C<36@ C4 @6 56774 F()JG)

+3 A=3><CK74 @HBL9<@<574 C4> D=D43:> CH93 84:<: B@BD43: dx CH934 56774 C4 >4A:<=3 A<7A9@6<74
93<M=7D4) /=<: Mt @4 D=D43: C4 :=7><=3 43 x 4: (Mt + (∂Mt/∂x)dx) @4 D=D43: C4 :=7><=3 43
(x+ dx))

 !"#$% ()J N -3 67574 43 :=7><=3

O4 D=D43: C4 :=7><=3 >HBA7<: A=DD4 >9<: ?
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